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In this article, it is established that, in order for a quadratic form
of an unknown object to be estimated optimally, in a worst-case
sense, from the a priori knowledge that the object belongs to an
hyperellipsoid and the a posteriori availability of linear observations,
a quadratic functional of these observations can typically be used.
Working in finite dimensions, a computational construction of an
optimal quadratic functional is uncovered. It is accompanied by a
certificate guaranteeing that the returned quadratic functional is
indeed optimal among all estimation functionals. The certificate
appears to always be validated on generic numerical examples.
Importantly, the results are further extended to take into account
some observation errors modeled deterministically.

optimal recovery | semidefinite programming | S-lemma | S-procedure

1. Framing of the Problem

The adage that “optimal estimation of linear functionals can be achieved with
linear functionals” is a cornerstone of Optimal Recovery (1), and in turn of
Information-Based Complexity (2). The result is credited to Smolyak (3),
although it was published later by his doctoral advisor Bakhvalov (4). The
purpose of this article is to establish a similar result where “quadratic” replaces
“linear”. One starts by formalizing precisely what is meant through a brief
presentation of the general Optimal Recovery problem, to be narrowed down
later.

The goal here is to estimate a quantity I'(f) depending on an element f
from a vector space F—often, but not necessarily, a space of functions. This
element f is only partially known through:

e some a priori information, expressed as

fex for some model set K C F’;
 some a posteriori information resulting from linear observations y; = A;(f),
i=1,...,m, summarized as
y=Af for some linear map A : F' — R™.

The estimation of the quantity of interest I' : F© — G, which is assumed to
be known and accessible, is encapsulated by a map A : R™ — G, whose
performance is measured in a worst-case framework

o ecither via lwcey (A(y)), when y € R™ is considered fixed and
lweey (g) := sup{[[U(f) —gll : f €K, Af =y}

e or, when y € R™ is unfixed, via

gwee(A) = sup{||IT'(f) — AAS)]: f €K}

PNAS October 10,2026 LaTex v2025 Vol. XXX No. XX = eXXXXXXXXXX

Significance

In Learning Theory, one typically
faces the task of estimating a quantity
depending on an object which was
acquired via linear observations. The
estimation procedure can be
assessed from a worst-case
perspective provided some prior
knowledge about the object is
available as well. One could then
pursue the best estimation
procedures, with the hope that they
shall be simple when the quantity to
be estimated is itself simple. In the
field of optimal recovery, it has been
known for decades that the hope can
be realized when simple refers to
linear. But much less is known in a
nonlinear setting. The importance of
this article is the finding that the hope
can also be realized when simple
refers to quadratic.
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The grail of Optimal Recovery is to find estimation
maps A°PH that minimize these notions of worst-case
error, either locally, i.e., lwce, (A°PY(y)) < lwcey(g) for
all g € G, or globally, i.e., gwce(A°PH) < gwee(A) for all
A :R™ — (. The adage from the beginning refers to this
global setting. It conveys that, when the model set K is
convex and symmetric about the origin, if ' =~v: F - R
is a linear functional—lowercase Greek letters are used
for functionals—then it is possible to select an optimal
estimation map d°P : R™ — R as a linear functional. In
fact, the requirement that /C is symmetric about the origin
can be dropped if one allows for estimation functionals
that are affine instead of linear, as originally shown by
Sukharev (5).

Much less is known when the functional vy to be
estimated is not linear. Assuming again that I is a
convex set, it was recently established in (6) that, if
~(f) is the largest of several linear functionals of f (or
even the kth largest), then it is possible to choose a
globally optimal estimation functional 6°P* as a maximum
of affine functionals (or as the maximum of minima
of affine functionals). The present article focuses on
the case where v is a quadratic functional, which has
previously been examined in the Statistics literature,
see e.g. (7-10). The Statistical Estimation problem
considered there is similar in many aspects to the Optimal
Recovery problem considered here, and correspondence
between the two is discussed in (11). The main difference
lies in the assessment of the performance of a recovery
map § : R™ — R—called estimator in the Statistics
literature—by way of a worst-case mean-squared error
wems(8) == sup{E[|y(f) — 6(Af +¢)?] : f € K}, where
e ~ N (0,021, represents stochastic observation errors.
The results obtained here parallel the ones obtained in
the article (7), say, which targeted the estimation of the
quadratic form fT[f(k)P of a periodic function f, based on

the a priori information that [[f*]? < 1 with ¢ > k and
the a posteriori information consisting of noisy evaluations
yi = f(ti) + e; of f at m equidistant points on the
trigonometric circle T. This article uncovered a particular
estimator dp such that wems(dg) < C infs wems(9), with
a near-optimality constant C — 1 as m — oo. It
relied on a reduction to the case where v is a linear
functional, which had been resolved in (11) (see also (12)
for a fresh take). The present article will avoid such a
reduction, while dealing with no observation errors or
with deterministic rather than stochastic ones. It will
also handle less restrictive quantities of interest, model
sets, and observation maps and will produce genuinely
optimal recovery maps (near-optimality factor C = 1),
albeit not in closed form. The perspective compares to
that of (10), where the authors advocate an “operational”
approach: enable more general situations by sacrificing
explicit solutions for computed ones.

To be more specific, for an arbitrary quadratic form
v(f) = (Af, f) defined by a self-adjoint operator A on
the space F—from now on considered a Hilbert space
and thus denoted by H—and for an ellipsoidal model
set K, it will be shown in Section 3 that it is possible
to select a globally optimal recovery functional §°Pt :
R™ — R expressed as 6°P'(y) = (By,y) + (3 for some
symmetric matrix B € R™*™ and some scalar 5 € R.
The result (Theorem 4) is in fact conditional on the
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verification of property of the optimal quadratic estimation
functional. In Section 4, a computational construction of
this estimation functional is presented (Theorem 5) and
complemented by a streamlining of the verification step
(Theorem 6). The main ingredient is Yakubovich S-lemma,
which the survey (13) discusses, along with related results
to be introduced in due time. For instance, in Section 5,
Polyak S-procedure will allow for the computational
construction tied to an extension of the main results
(Theorems 7 and 8) covering the presence of deterministic
observation errors. In Section 6, Finsler lemma will
also be used to highlight the computation, redundant
in retrospect, of a key lower bound (Proposition 9). All
the content just described shall be preceded by Section 2,
which quickly settles the local setting.

2. Locally Optimal Recovery Functionals

In the scenario considered here, the quantity of interest
v can be a quadratic functional on a Hilbert space H,
instead of merely a quadratic form, i.e.,

V() = (Af, ) +2(a, f) + a,

for some self-adjoint operator A on H, some vector a € H,
and some scalar a € R. The a posteriori information,
considered fixed in this section, is given by y = A(f)
for some unrestricted linear map A : H — R™, while
the model set K describing the a priori information is
specifically given as

feH, [1]

K={feH:|Tfll <1} [2]

for some linear operator T' : H — H. The goal is to
determine the so-called Chebyshev center of v(K,), where
the set Iy := {f € K : A(f) = y} collects all the model-
and data-consistent elements f. In other words, one aims
at determining the minimizer g°"°P of the local worst-case
error lweey(g) = sup{[71(f) — gl + [T < 1L,A(f) = y}.
Since the set IC,, is connected, the set y(K,) is a connected
subset of the real line, i.e, an interval. It is then
clear, and very much folklore in Optimal Recovery and
Information-Based Complexity, that the Chebyshev center
and Chebyshev radius are obtained as

g —1

gcheb — g ;— L7 lwcey(gcheb) _ 5 [3]
where
o:=sup {7(f): |ITfI <1, Af =y}, [4]
feHd
vim it () ITAISLAf =) [8)

For the problem to make sense, i.e., for ¢ < 400 and
t > —oo independently of 7, it is assumed that

ker(A) Nker(T) = {0}, [6]

otherwise a nonzero h € ker(A) Nker(T) and a fixed
fo € Ky would generate the unbounded family f; = fo+th,
t € R, of elements belonging to IC,. Elementary as the
above considerations are, computing the quantities [4]
and [5] is not completely straightforward. This is where
the S-lemma comes into play. Here is its statement for
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- . P(cT*T — A)P —P(Af, +a)
mlrcll%glze d subject to _—(Afy T a)*P d_ C(l — ||Tfy||2) — <Afy7fy> — 2<a’fy> —a >0, [7]
. . [P(cT*T + A)P P(Af, + a) |
ma)cﬂgr(r)nze d SlleeCt to i (Afy T+ a)*P —d— C(l — ||Tfy||2) ¥ <Afy7fy> ¥ 2<a,fy> ¥ al >0, [8]

where P =Idy — A*(AA*)~'A and f, = argmin {|T'f|? :

A(f) =y}

Fig. 1. The semidefinite programs to construct the locally optimal estimation map (see Theorem 1) in the absence of observation errors.

a finite-dimensional Hilbert space H—mnote that, since
an optimization program eventually needs to be solved,
assuming finite-dimensionality for the rest of this article
is not considered a restriction.

Yakubovich S-lemma: given two quadratic functionals
ql(h) = <R7h7h> + 2<T’va> + Pi, 1= Oa 17 deﬁn6d on a
finite-dimensional Hilbert space H, the equivalence

[qo(h) <0 whenever ¢1(h) <0] <= [Fc>0:qy < cq]

holds provided ¢1(h) < 0 for some h € H.

In the present scenario, this tool allows one to un-
cover a computational recipe for the construction of the
locally optimal estimation functional—also called central
algorithm in Optimal Recovery and Information-Based
Complexity.

Theorem 1. For a finite-dimensional Hilbert space H, a
linear observation map A : H — R™, and the model
set K of [2] obeying the assumption [6], the locally
optimal recovery map for the estimation of the quadratic
functional [1] is given by 6P : y € R™ s (d'+d")/2 € R,
where d’ and d” are, respectively, the optimal values of
the semidefinite programs [7] and [8] displayed in Fig. 1

Proof. As mentioned above, the locally optimal estimation
functional §°P% associates to each y € R™ the Chebyshev
center gtP of v(KC,) as given in [3]. Accordingly, the task
at hand consists in showing that o coincides with d’ and
that ¢ coincides with d”. Focusing first on o = sup{y(f) :
ITfII <1,A(f) =y}, note that it can be expressed as

o= i%f d subject to (Af, f) +2{(a, f) + a <d
whenever | Tf||? <1, Af =y.

Writing f = f,+h with f, = argmin {||Tf||? : A(f) = y}
and h € ker(A), one views the above constraint as the
nonpositivity of a quadratic functional of h occurring as
a consequence of the nonpositivity of another quadratic
functional of h. Thus, the S-lemma will apply provided
the latter quadratic functional can take a strictly negative
value. And indeed, the strict inequality |T'f, > < 1 holds:
select some f # f, with |Tf]|> < 1 and Af = y, so
that f — f, € ker(A), hence T'(f — f,) # 0 by [6], and
then the condition T'(f,) L T'(ker(A)) characterizing the
optimality of f, yields |T'f,|* = |Tf||*~[|T(f = f,)|* < L.
Therefore, the S-lemma ensures that the above constraint
is equivalent to the existence of ¢ > 0 such that

(A(fy+h), fy+h)+2(a, fyth)+a—d < c(|T(f,+h) ”2_1)
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for all h € ker(A). Rearranging and also making use of
the orthogonality condition (T'f,, Th) = 0, this reads

((cT*T — A)h, h) — 2(Af, + a, h)
+d—c(1—|ITf,|1%) = (Afy, fy) — 2a, f) —a >0

for all h € ker(A). More succinctly, with P representing
the orthogonal projection onto ker(A) (so that Idy — P is
the orthogonal projection onto ker(A)+ = ran(A*), easily
leading to the expression of P announced in Fig. 1), this
¢ > 0 must satisfy constrainta 4 (¢, d):

[P(cT*T — A)P
[—(Af, +ayP

—P(Af, +a)
| d—c(L=1TfI?) —(fy)

All in all, incorporating ¢ > 0 as an optimization variable,
one arrives at

-0

o= inf d

subject to constrainta 4 (¢, d),

¢>0,d

so that o is indeed equal to the optimal value d’ of the
semidefinite program [7]. As for ¢, one notices that
“o = swp{(=)(f) : ITAl < LAG) = b, so it
admits an expression similar to that of o, up to the
change (A,a,a) < (—A, —a,—a), namely — = inf{d :
¢ > 0,d satisfy constraint_4 _, _o(c,d)}. One obtains
t=sup{—d: ¢ > 0,d satisfy constraint_4 _, _a(c,d)}.
Changing d to —d shows that ¢ is equal to the optimal
value d” of the semidefinite program [8]. O

Remark. The construction of Theorem 1 is implemented
in the reproducible MATLAB file accompanying this article™.
There, it is exploited to show that the locally optimal
functional is not quadratic, even when a = 0. This
indicates that, for quadratic functionals in the local
setting, the adage fails. A conceptual difference between
the quadratic and linear cases is thereby revealed, since
it is known that, when the model set is ellipsoidal, the
central algorithm for the estimation of a linear functional
(more generally a linear map I') actually depends linearly
on the observations.

3. Conditional Globally Optimal Recovery Functionals

Generally speaking, a drawback of the local setting is that
an expensive optimization program needs to be solved
anew for each data vector y € R™—except in favorable
circumstances, e.g. when I is a linear map between Hilbert
spaces and K is an ellipsoid, in which case the Chebyshev

* Available on the author’s webpage and the repository https:/github.com/foucart/COR.
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center depends linearly on y. This aspect partly explains
the predominance of the global setting, considered in this
section. Here, the quantity of interest «y is restricted to
be a quadratic form, i.e.,

(f) = (Af f),

for a self-adjoint operator A on a Hilbert space H. As for
the restrictions on a posteriori and a priori information,
they are minimal: the observation map A : H — R™
is linear and the model set K is compact, convex, and
symmetric about the origin—it will be particularized in
the next sections. The main result of this section is stated
after the two preparatory lemmas below. The first one
recalls a well known lower bound for the global worst-case
error of any estimation functional. To use the terminology
of Information-Based Complexity, this lower bound is half
the diameter of information.

Lemma 2. With A: F - R™" K C F,and y: F —- R
all being arbitrary, any estimation functional ¢ : R"™ — R
satisfies

feH, (9]

N _ 7
wp =G
f/,f”elc 2
Af/:Af//

gwee(d) > 1b = [10]

The second lemma concerns the global worst-case error
of estimation functionals taken specifically to be quadratic.

Lemma 3. With an arbitrary linear map A from a Hilbert
space H to R™, if K C H is convex and symmetric
about the origin and if the functional v : H — R obeys
v(=f) = ~(f) for all f € H, then any quadratic
functional of the form dp; 5(y) = (By,y) + 2(b,y) + 5,
y € R™, satisfies

gwee(0p p.3) > gwee(dp) = %,
where dp is defined by 5(y) = (By, y)—i—%, y € R™,
and where
gp = Sup (V(f) - <B(Af)7Af>)a [11]
fex
o= ol ()= (BADLAD). (12

The main result now establishes the global optimality
of quadratic estimation functionals, conditionally on a
property to be assessed post computation.

Theorem 4. Given a Hilbert space H, a linear obser-
vation map A : H — R™, and a model set X C H
which is compact, convex, and symmetric about the origin,
let a symmetric matrix By € R™*™ be a minimizer
of gwee(dp) = (o — tp)/2. If the extremizers of the
expressions [11] and [12] for op, and ¢p, are unique (up
to a sign), then the quadratic functional dp, is globally
optimal for the estimation of the quadratic form [9], i.e.,
gwee(dp,) < gwee(d) for all 6 : R™ — R.

It is now time to justify the above statements, starting

with the lemmas.
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Proof of Lemma 2. For f', f" € K with Af' = Af" let y
denote this common value. One has

WD - 25y~ 6ta) + 560) (")
< 55 1 (f) — S(AS)| + 5 sup 1 () — (AS)|
fex fex
= gwee(9).

The announced result follows by taking the supremum
over these f’ and f”. O

Proof of Lemma 3. As a first step, one observes that
the global worst-case error of dp 3 is minimized when
b = 0. To justify this claim, notice that, for any y € R™,

537075(y) = (6B7b,5(y)+53,b”3(*y))/2 and that, for f € K,
and hence —f € K, one has

Iv(f) — 5B,0,B(Af)|
|[(F) = 05,5 (AN] + [V(=F) = 0B,6,5(A(=1))]|

1
2
5 ()~ 8305 AN + 5 [1(=F)  5,5(A (1)
1
>

IN

< —gwee(dppg) + %gwce(637b,5) = gwee(dp p.3)-
Taking the supremum over f € K yields the desired
inequality gwce(dp,0,8) < gwee(dpp,3)-

As a second step, one establishes that (o5 + t5)/2 is
the optimal value of the parameter 5. Indeed, considering
fT,f~ achieving (or coming arbitrarily close to) the
supremum and infimum defining o and ¢p, one has

gwee(dpo,5) = ?22 IV(f) = (B(Af),Af) — 8]
>{ 7(f+)7<B(Af+)aAf+>7B = 03757
() BAF)AfT) B = + 5,

so the lower estimate gwce(dp,0,3) > (0B — tB)/2 follows
by averaging these two values. This lower estimate is also
achieved at g, i.e., with 8 = Pt := (05 + 1)/2, since
then one has, for any f € K,

v(f) = (B(AS), Af) = P

o+t o — L
<op-— B B :+B2 Ba

UB‘%LB OB — LB
> == =G

Taken together, these two inequalities mean that
gwee(dp) = suppex |7(f) — (B(Af),Af) — B°PY| does
not exceed (op — tp)/2, as desired. O

Lemmas 2 and 3 being settled, one moves to the proof
of the main result.

Proof of Theorem 4. The objective is to justify that
gwee(dp,) < lb, where the global worst-case error of a
quadratic functional dp defined in Lemma 3 is expressed,

with Ag := A — A*BA, as

(Apf', 1") = (Apf", ")
2 )

gwee(dp) = sup

11" ek
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and the lower bound 1b from Lemma 2 is expressed as

wp VATT) = (AT 1)

Ib =
F1.frek 2

sto Aff = Af".

The argument is now divided in two parts:

(i) with K and K denoting the extremizer sets for op,
and vp,, i.e., Ky = {f € K: (A, f', ') = op,} and
Ko :={f" € K: (A, f", ") = 1B},

A JANN "o
gwee(By) = inf sup (Apf'. f) —(Asf". f >
f'exy 2
feKy

[13]

(i) when K = {3} and Kj = {£f/}, if Afs # =AfY,
then there exists B such that
<ABf/7 f/> - <ABf//a f/,>
sup

frexy 2
ek

< gwee(By). [14]

As a result, because the two conclusions are incompatible
and given the uniqueness assumption of the extremizers
f and ff, one must have Af) = £Af. It follows that

((A=A"BA)fo, fo) = (A= A*BA) fg, 1)
2
(Afo, fo) — (AfS fo) )
2 — 9

gwee(By) =

which is the desired inequality.

Thus, it remains to establish (i) and (ii). Starting
with the latter, notice that the left-hand side of [14] with
B=By+Cis

1 * *\ Ak
gwee(By) — Str(CAULS ~ L ATINY),

which can be made smaller than gwce(By) by taking
C = NSO — ff)A*, provided it is nonzero. But
it AfFTAT = AfY A", then Af) and Afl would be
equal in direction by looking at the range and equal in
norm by looking at the trace, contradicting Af§ # +AfY.

As for (ii), it is a consequence of a general Kolmogorov-
type criterion from Approximation Theory. Since this is
a little-known result, an argument tailored to the current
situation is provided. By way of contradiction, assume
that [13] fails, i.e., that there exists B; such that

sup <A31 flv fl> — <A31 fllv f”>

frecy 2
f'exy

W= < gwee(By) =: v.

For 7 € [0,1], define B, := (1 — 7)By + 7By, and
additionally, for (f/, f") € K x K,

/! !/ 1 1
@((f/,f”)77') — <ABTf7f> 2<ABq—f af >
Note that, if (f’, f") & K x K, then O((f', f),0) < v,
while if (f',f") € K x K, then ©((f', f"),0) = v
and O((f', f"),1) < u. Picking some 71 € (u,v), the
set O = {(f,f") e Kx K : 6/, f"),1) < u}is
an open neighborhood of Kj x K. By compactness
of the complement of O in K x K, one observes that

PNAS October 10,2026 LaTexv2025 Vol. XXX No. XX eXXXXXXXXXX

= max{O((f, f),0): (f', f") € (KxK)\ O} satisfies
< v. Next, considering some 7 > 0 with 7 < (v — v)/k,
= ||By — Bo|| max{||Af|*: f € K}, one has

if (f/,f") & O, then

O((f".f"),m) = e((f', f"),0)
((BL = Bo)Af', Af') — (B
2

1— BO)Af/lv Af//>

+7

<v+TK <V
o if (f/,f") € O, then

O((f", f"),7) = L =7)0((f, f),0) + 7O((f', ), 1)

<A-Tv+T1R <V

All in all, one deduces that the above choice of 7 leads
to max{©((f', f"),7) : (f',f") € K x K} < v, which
reads gwee(B,) < gwee(By), thus producing the required
contradiction. The proof is now complete. O

4. Computation and Validation

In this section, the compact, convex, and symmetric about
the origin model set is specified to be the ellipsoid

K={feH:|Tf|| <1}, T isomorphism. [15]

The goal here is twofold: firstly, to provide a practical
construction of a quadratic estimation functional with
minimal global worst-case error; secondly, to certify
that this quadratic functional is optimal among all

possible estimation functionals. The construction involves
semidefinite programming again.

Theorem 5. In a finite-dimensional Hilbert space H, for
the estimation of the quadratic form [9] using a linear
observation map A : H — R™ and the model set K of [15],
a globally optimal quadratic recovery functional is given
as

630 (y) = <BOy7y> + BOa Yy e Rm7

where the symmetric matrix By € R™*™ is obtained
as solution to the semidefinite program [16] displayed
in Fig. 2. The solutions ¢,¢” € R yield the optimal
parameter By = (¢’ — ¢")/2, as well as the minimal global
worst-case estimation error (¢’ +¢”)/2.

Proof. By Lemma 3, a globally optimal quadratic
estimation functional can be selected of the form
oply) = (By,y)+ 5, y € R™. The optimal 8 and
the global worst-case error depend on the two quantities
op and tp via

o+ LB
2

o — !B
2

8= and gwee(dp) =

The quantity op, for instance, can be converted with
the help of the S-lemma as follows (the strict feasibility
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d+c’

minimize
c,c">0
B symmetric

subject to {

dT*T — A+ A*BA =0,

d'"T*T+A—A*BA = 0. [16]

Fig. 2. The semidefinite program to construct a globally optimal quadratic estimation map (see Theorem 5) in the absence of observation errors.

condition being easily met by f = 0):
op:= sup ((A—A"BA)f, f)
ITfl<1
:igf d: ((A—=A*BA)f, f) < d whenever ||Tf|* <1

:iréf d: dc > 0 such that, for all f € H,
(A=A"BA), f) —d < e(|Tf]* ~ 1)

=inf d: forall f € H,
0[210
(T*T = (A= A*BA)f, f) +d —c = 0.

The constraint decouples as ((cT*T— A+ A*BA)f, f)
forall f € Handd—c>0,ie., as cT*T— A+ A*BA
and d > ¢, so the minimal admissible value for d
which implies that

>0
=0
is ¢,

op=inf ¢: I*T — A+ A*BA = 0.

c>0

The quantity tp = inf{((A—A*BA)f, f) : |Tf|| < 1}—or
rather —:g—is likewise converted to

—1p = igg c:cI*T+A—A*BA = 0.

Combining these two expressions with the fact that
gwee(dp) = (op — tp)/2 justifies that, for a fixed B,

cl+c/l
c/,lcr'lfzo 2
ato dT*T — A+ A*BA »0,
'T*T+A—A*BA = 0.

gwee(dp) =

[17]

Further minimizing over symmetric matrices B € R™*™—

which is computationally feasible thanks to the linear
dependence on B of the constraints—gives rise to the
semidefinite program announced in [16]. Note that the
solutions ¢’,c¢” > 0 correspond to o and —tp for the
optimal B, justifying the final part of the statement. [

After having produced By, the next step is to make
sure that dp, is optimal not only among quadratic, but
among all estimation functionals. This shall be done via
an eigencomputation involving By.

Theorem 6. Under the setting of Theorem 5, once By
has been computed, if the largest and smallest eigenvalues
of (T*T)~Y/2(A — A*BoA)(T*T)~'/? are strictly positive
and strictly negative, respectively, and both simple, then

gwee(dp,) < gwee(d) for all 6 : R™ — R.

Proof. Replacing T by (T*T)'/? if necessary, it is assumed
in the proof that T is self-adjoint. By Theorem 4, it

6 of 9 www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

suffices to establish that the extremizers for op, and ¢p,
are unique (up to a sign), where, say,

op, = sup ((A—A"BoA)f, f) [18]
ITf<1
= sup (T~ 1(A— A"BoA)Ty,g). [19]
lgli<1

Notice that o, = 0 if T7}(A — A*BoA)T~! < 0 and
that op, = eigax (T (A — A*BoA)T~1) > 0 otherwise,
the latter being in effect here. Based on the one-
to-one correspondence g = T f between extremizers
of [18] and extremizers of [19], which are exactly the
unit-norm eigenvectors of T-1(A — A*BoA)T~! for its
largest eigenvalue, the assumption that this eigenvalue has
multiplicity one establishes the uniqueness claim for op,.
The argument for ¢p, follows in a similar fashion by
considering A*ByA — A instead of A — A*ByA. O

Remark. The construction from Theorem 5 is imple-
mented in the MATLAB file accompanying this article,
which reveals that the “plug-in estimate is not optimal”.
Precisely, by plug-in estimate, one means the functional
dPlUe equal to v o A°PH plus an optimaly chosen scalar 3,
where A°PY is the locally (hence globally) optimal recovery
map for I' = Idy. This map associates to y € R™ the
Chebyshev center of £y = {f € H : |Tf]] <1, Af = y}
and is known (see (14, Lemma 6) for a bit more) to be
y € R™ — argmin{||Tf]| : Af = y}, ie., the linear
map A°PY = T=HT=H*A*(AT-H(T-1)*A*)~L. Thus,
the plug-in functional P8 is a quadratic functional whose
global-worst case error can be computed according to [17].
Numerical tests reveal that in general it is strictly larger
that the minimal global worst-case error as computed
according to [16]—this experimental conclusion is not
quite apparent for a random T, but it is for T = Idy.

5. Incorporating Observation Errors

In practical situations, the vector y € R™ is likely to be
contaminated by observation errors, so that y = A(f) +e
for some nonzero e € R™. This error vector can be
modeled stochastically, as in (7-10), or deterministically,
as in this article, by way of an uncertainty set

E={eeR™:||Ue|2 <1}, [20]
where U is an isomorphism on R™. The case of error
vectors of small magnitude > 0 is covered by this
formalism via the choice U = n~'Idgm. It is well known
that such an “inaccurate scenario” can be reduced to the
“accurate scenario”. Precisely, the adjusted global-worst
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699

701
702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
77
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732

734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752

754
755
756
757
758
759

761
762


www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX

763
764

766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797

799
800
801
802
803
804
805
806
807
808
809
810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826

case error takes the form

—

gwee(0) == sup [7(f) — 6(Af +e)|
fex
ec&
= sup [F(f) = 6(Af),
fex

with “tilde” objects given by K := K x £ C H := H x R™,

(ﬂ:%%eﬁi Kﬂ:Af+e:[AmWJF%7
0=~ (f{8HEG) = a7

This is a formal reduction and does not automatically
allow one to call upon earlier results that relied on
the specificity of the model set K, especially when
computational issues are concerned. For instance, the
original model set X was an ellipsoid but the new model
set IC is, in the adjusted space H, the intersection of two
ellipsoids, so the proof of Theorem 1, say, would not carry
over, since the use of the S-lemma was contingent on C

being described by the lone quadratic inequality | Tf|| < 1.

Fortuitously, there is an analog of the S-lemma covering
the case of one quadratic inequality being a consequence of
two—mnot one—quadratic inequalities. Discussed in (13),
this result derived by Polyak in (15) has already bear fruits
in Optimal Recovery: it was invoked in (16) to show how
the optimal parameter of a Tikhonov-style regularization
(which is a globally optimal map for the estimation of the
identity) can actually be computed.

Polyak S-procedure: given three quadratic functionals
of the specific form qi(h) = (R;h,h) + p;, © = 0,1,2,
defined on a Hilbert space H of finite dimension at least 3,
the equivalence

[90(h) <0 whenever q1(h) < 0 and g2(h) < 0]
< [Fer,220:q0 < c1qu + 2 q2

holds provided g1 (h) < 0 and g2(h) < 0 for some h € H
and dy Ry + daRy = 0 for some dy,ds € R.

Although of no assistance in the local setting, this
S-procedure is quite fitted to the global setting. Indeed,
the main results for the “accurate scenario” admit the
following extensions.

Theorem 7. In a finite-dimensional Hilbert space H, for
the estimation of the quadratic form [9] using a linear
observation map A : H — R™, the model set K of [15],
and the uncertainty set & of [20], a globally optimal
quadratic recovery functional is given as

0B, (y) = (Boy, y) + Po,

where the symmetric matrix By € R™*" is obtained as
solution to the semidefinite prograi [21] displayed in
Fig. 3. The solutions ¢, c,, ¢/, ¢y > 0 yield the values of
the optimal parameter 8y = ((¢] — &) + (¢, — &5))/2, as
well as of the minimal global worst-case estimation error,
equal to ((¢} + &) + (ch +¢4)) /2.

y € R™,

PNAS October 10,2026 LaTexv2025 Vol. XXX No. XX eXXXXXXXXXX

Theorem 8. Under the setting of Theorem 7, once By
has been computed, if the optimal values ¢, ¢}, ¢,y are
all strictly positive, and if the matrix

[A—A"ByA | —A*By]
[ —BA [ B ]

has a largest eigenvalue which is simple when left- and
right-multiplied by diag[(&T*T)~Y2; (&,U*U)~'/?] and
a smallest eigenvalue which is simple when left- and right-
multiplied by diag[(¢/T*T)~/?; (¢4U*U)~1/?], then

gwce(Sp,) < gwee(s)  forall 5 : R™ - R.

Proof of Theorem 7. The considerations from Section 3
carry over, mutatis mutandis, using the “tilde” objects.

In particular, with the agglsted model set K taking the
form £ = {f € H : [|[Tf|| <1, HUfH 1} involving
operators defined for f = [f;e] by Tf = [Tf;0] and

Uf = [0;Ue], Lemma 3 ensures that the task at hand
consists in minimizing (o —ip)/2, with obvious notation.
Concentrating on the first quantity, it is

op = =sup <(ﬁ - K*Bx)f, f>
fGIC

:%nh«Z—FBDﬁﬂgd

whenever ||Tf||> <1 and |Uf|* < 1.

From the S-procedure, which applies since the strict
feasibility constraint is met with f = 0 and with any
dq,ds > 0 (recall that 7" and U are invertible), the above
constraint is equivalent to the existence of ¢y, cy > 0 such
that

(A= A"BNf, ) - D)+ e(|UF]* = 1)
for all f S H which decouples as d > c¢1 + C2 and
<(01T*T—|— UU — A+ A*BA)f f) > 0 for all f € H.
Incorporating ¢y, co > 0 as optimization variables, taking
d as its minimal admissible value, and spelling out the

form of /T, /~\, f, and U leads to

d < e (|ITf]° -

op= Inf ¢ +co
Cl,CQZO
[clT*T—A+A*BA \ A*B
In a very similar way, one derives
—1ip := sup ((—g—i- K*BT\)]?, ]7>
fek
6171?220 ot e
[ T*T + A— A*BA —A*B ]
sto 1 —BA T -5 =%

Putting these two infima together in (65 — 75)/2 and
further minimizing over symmetric matrices B € R"*™
yields the semidefinite program [21]. Finally, keeping
in mind that 53 corresponds to ¢; + ¢, and that —ip
corresponds to ¢/ +¢5, the values of the optimal parameter
Bo and of the mlmmal global worst-case error follow. [
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R B e e e
minimize
c/1 70/2 >0 2
c'{ ,0'2’ >0
B symmetric

subject to

A T*T — A+ A"BA MB |,
BA QU U+B| ~7
[21]
T*T + A~ A*BA -AB |
—BA URU J =

Fig. 3. The semidefinite program to construct a globally optimal quadratic estimation map (see Theorem 7) in the presence of observation errors.

Proof of Theorem 8. By Theorem 4, it suffices to establish
that the extremizers for op, and 7, are unique (up to a

sign). For instance, let ]?ﬁ denote a maximizer of

55, = sup((A — A*BoA) . f)
fEH
= inf ¢+ ¢ s.to clf*f + 0217*(7 — A+ K*BOK >0,

C1,C22

sto [Tl <L|Uf| <1

where the latter expression was obtained in the previous
proof. Writing ¢y, ¢ for its minimizers, the dual feasibility
condition implies that

(e T*T + &U*U — A+ A ByA )fTj =

which, together with the primal feasibility conditions,
further implies that

G5, = (A= A"BoA) /2, %)
<alTF|? + el UF)°
<c¢+C=0p,.

Therefore, equality must occur all the way through. In

particular, in view of ¢4 > 0 and ¢; > 0, equality

in [23] forces ||Tfﬁ|| =1 and ||Ufﬁ|| 1. Moreover,
in view of A — A*BOA <M := clT T + CQU*U, equality
in [22] means that g := MY2f* is an eigenvector of
M-1/2 (E—K*BOK)M_VQ for its largest eigenvalue. Since
this eigenvalue has multiplicity one, the eigenvector gf—
normalized via ||g*||2 = ¢, + éx—is uniquely determined

(up to a sign), and then so is the maximizer f f% for & B,- The
maximizer for —7g, i.e., the miminizer for 7, is proved
to be unique (up to a blgn) in a similar fashion. O

Remark. The compute-first-verify-later paradigm is more
subtle in the presence of observation error than in its
absence. Indeed, without error, the computed minimal
worst-case error over functionals §g could be followed by
a comparison with the computed lower bound in order to
certify the optimality of quadratic functionals. As revealed
next in Proposition 9, this is realizable, although not
numerically reliable. With error, however, computing the
lower bound along the lines of Proposition 9 is doomed, as
a version of the S-procedure where a quadratic inequality
is a consequence of more than two quadratic inequalities
would be required. This is known to fail in general, hence
underlining the importance of Theorem 8.
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6. Postlude on Computational Discovery

I wish to thank Chunyang Liao for asking about the
optimal estimation of quadratic functionals at the end of
a presentation of the results from (6). It prompted me to
investigate this question, numerically at first because a
way to compute the minimal global worst-case error over
quadratic functionals was relatively easy to come by (see
Theorem 5), so an answer could be speculated if there was
also a way to compute the well-known lower bound on
the global worst-case error of any estimation functional
(see Lemma 2). And there was a way—it led me to the
empirical conviction that “optimal estimation of quadratic
forms can be achieved with quadratic functionals”. This
discovery owes a lot to the availability of computational
tools such as cvx (17). Later came the formal justification
presented in this article, whose unfortunate consequence
is to erase a decisive part of the process. Still, I believe
that it is well worth mentioning it here. The main tool,
also discussed in (13), is again related to the S-lemma.
Finsler lemma: given two self-adjoint operators Ry, Ry

defined on a finite-dimensional Hilbert space H, the
following equivalence holds:

[(Rof, f) > 0 whenever (R1f, f) =0 and f # 0]
<~ [3d€R:R0+dR1 >0]

Proposition 9. For a finite-dimensional Hilbert space H,
a linear observation map A : H — R", and the model set
K of [15], the lower bound [10] on the global worst-case
error of any functional for the estimation of the quadratic
form [9] can be computed as the optimal value of the
semidefinite program [24] displayed in Fig. 4

Proof. With the notation f := [f'5 1" € H:= Hx H,

A(f) = [Afs = AP, T(F) o= T, T'() = T(f"),
A(f) = A(f") — A(f"), the lower bound takes the form
1 s {ALS) AT

e 2

ITFI? < LITF" |2 < 1LA() = A(f")}

o~

= Sup { <Af27 > :
7
— igf d : for all fe ker(K)7

AP < LI FI? <1.F e ker(&}

(AT, ])
2

< d whenever ||f'ﬂ\2 <1, Hfﬂfnz <L
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C2

[\ T*T — A+ dA*A |

R ¢ |
minimize
c1,c22>0
d

subject to [

—dA*A

—dA*A
T T+ A+ana) =

Fig. 4. The semidefinite program to determine the lower bound on the global worst-case error (see Proposition 9) in the absence of observation errors.

~

First, relying on Polyak S-procedure in the space ker(A),
one obtains (the strict feasibility condition being easily
verified)

~

Ib=inf d: 3e1, e > 0 such that, for all f € ker(A),

(AF, F) —2d < et (IT"fI? = 1) + (| T" FI? - 1)
. c1 + C2
= inf ——=
Cl,CQZO 2
s.to (T T + e, T"*T" — A)f, f) >0

o~ o~

whenever (K*Kf, ) =0.
Note that this coincides with

= inf 22
c1,c22>0 2
sto (T T + e, T"*T" — A)f, ) >0
whenever (K*Kf, f) —=0and f #0.
Indeed, on the one hand, if ¢1, co > 0 satisfy the constraint

of Ib, then they satisfy the constraint of b, yielding
(c1 + ¢2)/2 > 1b, and in turn Ib” > Ib; on the other hand,

. CA Micchelli, TJ Rivlin, Lectures on optimal recovery in Numerical Analysis Lancaster 1984.
pp. 21-93 (1985).

. JF Traub, GW Wasilkowski, H WoZniakowski, /nformation-based complexity. (Academic Press),
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Moscow State University (1965).

. NS Bakhvalov, On the optimality of linear methods for operator approximation in convex
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5. AG Sukharev, On the existence of optimal affine methods for approximating linear functionals.
J. Complex. 2, 317-322 (1986).

. S Foucart, Optimal algorithms for nonlinear estimation with convex models. arXiv preprint
arXiv:2512.20826 (2025).

. DL Donoho, M Nussbaum, Minimax quadratic estimation of a quadratic functional. J. Complex.
6, 290323 (1990).
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given € > 0, if ¢, co > 0 satisfy the constraint of 1b, then
c1 +€,c0 + ¢ > 0 satisfy the constraint of b’ (recall that
T is invertible), yielding (¢; + ¢ + ca +€)/2 > I, and
in turn Ib > 1’ — . Therefore, Finsler lemma can be
utilized to arrive at

c1+ co
nf ——
(31,0220 2
s.to dd € R: clf/*f’ + Qf”*f" At dA*A = 0
1+ ¢
nf ——
c1,c22>0 2
d

Ib

sto T + T T" — A + dA*A > 0.

As before, this infimum can be seen to equal the one with
positive semidefiniteness replacing positive definiteness—
although the straightforward inequality would be enough,
as one seeks a lower bound. I:c now remains to spell out
the form of /Al, f’, f”, and A in order to arrive at the
semidefinite program [24]. O
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