Sparse Recovery with Pre-Gaussian Random Matrices

Simon Foucart* Ming-Jun Laif
Laboratoire Jacques-Louis Lions Department of Mathematics
Université Pierre et Marie Curie University of Georgia

Paris, 75013, France Athens, GA 30602, USA

February 25, 2010

Abstract

For an m x N underdetermined system of linear equations with independent
pre-Gaussian random coefficients satisfying simple moment conditions, it is proved
that the s-sparse solutions of the system can be found by ¢;-minimization under
the optimal condition m > ¢s In(eN/s). The main ingredient of the proof is a
variation of a classical Restricted Isometry Property, where the inner norm becomes
the ¢1-norm and where the outer norm depends on the probability distributions.

Key Words: compressed sensing, sparse recovery, £1-minimization, random matrices,
pre-Gaussian random variables.

1 Introduction

The field of Compressed Sensing, which has generated a wealth of research activity
in recent years, asks for some concrete protocols that make it possible to reconstruct
sparse vectors x € RV from the mere knowledge of measurement vectors y = Ax € R™
with m < N. In other words, one seeks m x N measurement matrices A and recovery
algorithms that enable to find the sparsest solutions of the underdetermined linear system
Ax =y. The groundbreaking works of Donoho [9] and of Candés and Tao [8] successfully
tackled these questions. The problem of choosing suitable matrices was settled using
probabilistic arguments, with the conclusion that most matrices chosen at random allow
for an efficient reconstruction of sparse vectors. The reconstruction in question consists
in solving the computationally tractable convex optimization problem

minimize ||z||; subject to Az =y, (Py)
zeRN
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in place of the unpractical combinatorial problem

minimize ||z|lp subject to Az =y. (Po)
zeRN

Here ||z]|y = Z;\le |2j| stands for the usual ¢;-norm of a vector z € RY, while |z|o
represents its sparsity, i.e., the number of its nonzero components. A much favored tool
in the study of the equivalence between (Pg) and (P;) was introduced by Candés and
Tao in [8]. It is said that a matrix A € R™ Y has the kth order Restricted Isometry
Property if there is a constant 4 > 0 such that

(1= 0)lIx[3 < 1A% < (1 +d)[lx[|3  for all k-sparse x € R™. (1)

The smallest such constant, denoted by g, is called the kth order Restricted Isometry
Constant of A. There are many conditions on the d;’s that guarantee the recovery of all
s-sparse vectors x € RY as solutions of (P;) with y = Ax. The arguably most natural
ones are only in terms of dos. For instance, Candes established the sufficient condition
25 < V2—1 = 0.4142 in [7]. This was later improved in [11, 6] to arrive at the sufficient
condition das < 3/(4 4 /6) &~ 0.4652 in [10]. Regardless of the sufficient condition called
upon, the crucial point is that it is met with overwhelming probability for certain random
matrices whose number m of rows scales like the sparsity s times a power of the log factor
In(eN/s), with N denoting the number of columns. An important example for practical
applications is the case of partial Fourier matrices, where m > ¢ s In*(IV) rows of an N x N
Fourier matrix are drawn uniformly at random, see [21]. For Gaussian random matrices,
i.e., matrices whose entries are independent copies of a zero-mean Gaussian random
variable, the number of measurements can be reduced to m > csIn(eN/s), see [8].
This bound cannot be reduced further if searching for stable sparse recovery algorithms,
as shown by considerations about Gelfand widths, see e.g. [12]. Sparse recovery by
¢1-minimization, deduced from the Restricted Isometry Property (1), is also possible
with m > csIn(eN/s) when considering random matrices satisfying a concentration
inequality, see [2] for a simple proof, or sub-Gaussian random matrices, see [18]. For
pre-Gaussian random matrices, sparse recovery by ¢j-minimization was established in
[1] under the stronger condition m > cs In?(eN/s). This was again deduced from the
Restricted Isometry Property (1). The latter actually necessitates such a strong condition
on the number of measurements in the pre-Gaussian setting, see [1].

This paper aims to show that sparse recovery using pre-Gaussian random matrices
is still possible under the optimal condition on the number of measurements. Indeed, we
show in Theorem 6.1 that, given an m x N matrix populated by independent pre-Gaussian
random variables obeying simple moment conditions, it is overwhelmingly probable that
every s-sparse vector is recovered by ¢1-minimization, provided m > c¢s In(eN/s). Note
that we are following the terminology of [5] in calling a random variable pre-Gaussian
when it has a subexponential tail decay. This meaning is made precise in Definition 2.1,
where an alternative view in terms of the moment growth E(|¢[?*) < (2k)! 6% is given.
For instance, the Laplace random variables n, whose probability density functions are
exp(—|t|/\)/(2X) for A > 0, are pre-Gaussian since E(|n|") = I'(r 4+ 1)A" for all r > 0.



Pre-Gaussian random variables are also often called 11 random variables because they
are characterized by the finiteness of their Orlicz norm

[€]ly, == inf {¢ > 0 : Eexp(|¢|/t) < 2}.

The arguments of this paper rely on a variation of the classical Restricted Isometry
Property (1). Its formulation involves the quantity

0o 0o N
Jx) = /OO.-./OO\;tjmj\dyl(tl)-..dw(m), x € RV,

relative to a vector v of centered probability measures. It is easy to verify that such
an expression, appearing e.g. in [4, 14, 19], defines a norm on RY provided the first
absolute moment of each v; is finite. A sum of such norms will replace the outer norm
in (1), while the inner norm will be replaced by the ¢;-norm. Some variations of the
classical Restricted Isometry Property (1) are already present in the Compressed Sensing
literature — for Gaussian matrices, the inner norm is the ¢;-norm in Definition 4.1 of [9];
for adjacency matrices of lossless expanders, both inner and outer norms are ¢;-norms
in [3] — but it is the dependency of the outer norm on the probability distributions that
constitutes the novelty of our approach. Thus, for random matrices whose entries a; ;
are distributed according to centered probability measures v; j, we set

Jx/) = Z I/ i, vii=[vi1,...,vinN]. (2)

If the entries a; ; were independent standard centered Gaussian random variables, for
instance, an explicit computation would give /x/ = m \/2/7 ||x||2, and we would retrieve

Definition 4.1 of [9]. We are interested in the Modified Restricted Isometry Constant 5,{ !
defined as the smallest constant § > 0 such that

(1=90))x) <|Ax|: < (1+9) J/x/ for all k-sparse x € RY. (3)

In Section 4, we prove that this Modified Restricted Isometry Constant can be made
sufficiently small. This is deduced from the concentration inequality, relative to the
norm (2), that we establish in Section 3. In Section 5, we then show that the Modified
Restricted Isometry Property (3), relative a norm comparable to a Euclidean one, implies
sparse recovery by ¢i-minimization. In Section 6, we finally combine the previous results
to arrive at our main theorem. As a prelude to all this, we collect in Section 2 some
auxiliary results needed in our arguments. Note that we chose to deal only with recovery
of exactly sparse vectors from perfect measurements for the sake of clarity. However, in
the spirit of Compressed Sensing, one needs to control the error between a nearly sparse
vector and a vector recovered from slightly flawed measurements. A reader familiar
with Compressed Sensing could easily perform the appropriate modifications in order to
establish such a result here.



2 Preliminary Results
We start with the definition of pre-Gaussian random variables.

Definition 2.1 A random wvariable & is pre-Gaussian if one of the following equivalent
conditions holds:

1. E(§) =0 and there exist constants b > 0 and ¢ > 0 such that

P(|¢] > t) < bexp(—ct) for allt >0,

2. E(&) =0 and there exists a constant 6 > 0 such that

<é.

E £|2k 1/2k

The justification of the equivalence is found in Theorems 3.1 and 3.2 of [5, p 21-23].
In fact, Theorem 3.2 is stated with 6(&) replaced by

[Em'f]”’“

0€) =smw [~

but the two statements are similar in view of the inequalities

(&) < 6'(€) <20(¢).

The lower inequality is clear, while the upper inequality is a simple consequence of
E(|£]F) < E(|¢)?*)/2. The quantity 6(¢) turns out to be of more convenient usage,
because of the following result, see Theorem 3.6 of [5, p 61].

Proposition 2.1 If&y,...,&, are independent pre-Gaussian random variables, then
92(1'151 +oe At xngn) < l‘% 92(51) +ot $72z 92(£n)
The next result claims that the norm )/ - /, is comparable to a Euclidean norm.

Proposition 2.2 Suppose that &1, ...,En are independent zero-mean random variables
satisfying
E(g))>p  and  E(E)<o®  forallj=1,...,N.

Then, with vy, ...,vN denoting the centered probability measures associated to &1, ..., &N,

% Ix|l2 < /%)y < olxl2 for all x € RV,



Proof. Let us observe first that
N
//X//u = E‘ Zx]£]|
j=1

For the upper estimate, the independence of the {;’s simply yields

N N 172 N , N\1/2
Bl Y aig] < (B wi6)") " = (S 22BE)?) " <olxla
j=1 j=1 =1

=

As for the lower estimate, we use the symmetrization procedure, see Lemma 6.3 of [17],
to write

N ;N 1 N
E|> 26| > SB[ Y ew&i] = SBeBe| Y _ejrigl, (4)
j=1 j=1 j=1
where (e1,...,en) is a Rademacher sequence independent of ({1,...,&x). Next, using

Khintchine’s inequality with optimal constants due to Haagerup [16], we have

N 1 /N 1/2 N 2 1/2
E. €;x;E; 2( x2~£2~> = ( J §2> .
|2 ambl= 6 2 g

j=1
Then, using the concavity of the function ¢ — ¢'/2, we derive

ESIE
V2

2
T

N N
112 :
E| > gaig| > T2 Lo gl (5)
< V2 = xI3

The desired estimate follows from (4), (5), and E(|§;]) > p. =
Finally, we state Bernstein’s inequality as in Lemma 2.2.11 of [22] for easy reference.

Theorem 2.1 Let Yi,...,Y,, be independent zero-mean random wvariables for which
there exist positive constants M, vy, ..., vy such that

k!
MF=2y, for all integers k > 2,

|k i
E(Vi[") <5

then, for allt > 0,

t2
P(lYi+...4+Y,|>1t) <2ex (- )
(7 ml > 1) PUT 20 . T o + M)

3 Subexponential Tail Decay

In order to establish the Modified Restricted Isometry Property (3) for all sparse vectors,
we consider first individual vectors x € RY and we bound the tail probability

P([|Axlli = /x /| > ¢/ x ) ).



Theorem 3.1 Suppose the entries of a matriz A € R™N are independent pre-Gaussian
random variables satisfying

E(laijl) >p  and  E(la;[**) < (2k)16%*, k> 1.

If |- denotes the norm defined in (2) for the centered probability measures v; j associated
to the entries a; j, then

(H]Ax||1—//x//‘>e// //)<2exp( K€ m) (6)

for any x € RN and any € € (0,1), where the constant x depends only on /.

Proof. Setting Y; := |(Ax);| — /x// i, we observe that Yi,...,Y,, are independent
zero-mean random variables, and that

[Ax([y = /x/ = Z}Yz
Then, since 6(a; ;) < 6, Proposition 2.1 yields
0((Ax);) = H(Z] wiai;) < 0|2, hence 0'((Ax);) < 20]|x][2.
For an integer k > 2, it follows from the inequality |Y;| < max{|(A4x);|, /x/ i} that
E([Yil") < max{B(|(4x):[), /x/k:} < max{k! (0/((4x):))", Jx/5:}
< max( D 22(0(4x0))" 5 ) < B amax VBB, e/}

Since Proposition 2.2 implies u||x||2/v8 < J/x/,i < v/20]|x]||2, we can apply Bernstein’s
inequality with

M = max{v80||x[l2, V26|x|2} = V8Olxl2, v =M t=c[x)>emplx]2/V8

to obtain

P ([ Axll = /x /| > em [ x )

IN

(e xS
2emp 2(8m02uxu2+emueux|r%)>

2exp < m >
= xp | — .

16(8(0/1) + <(6/n)
Since € < 1, the result follows with x :=1/(128(6/p)* +16(6/)). =

Remark 3.1 The advantage of taking the £1-norm rather than the fo-norm as the inner
norm in the Modified Restricted Isometry Property (3) is apparent at this point. If we had
used the ly-norm, we would have considered the random variable Y; = (Ax)? — E((Ax)?),

and we would have tried to bound the kth moment of (Ax)? by k'MF¥ for some M > 0
in order to apply Bernstein’s inequality. However, it proves difficult to obtain more than

E((Ax)?) < (2k)1(0(Ax):) ™ < (2k)1(6]/x2)**

Remark 3.2 The methods and results of Sections 2 and 8 are standard in geometry of
Banach spaces, see e.g. [18]. They have been spelled out with the Compressed Sensing
reader in mind.



4 Modified Restricted Isometry Property

In this section, we show how to pass from the concentration inequality (6) for individual
vectors to the Modified Restricted Isometry Property (3) for all sparse vectors. In fact,
we prove that (3) fails with exponentially small probability. We essentially follow the
ideas of [2]. The details are included for the reader’s convenience.

Theorem 4.1 Let A € R™ be a random matriz and let | - |/ be a norm on RY.
Suppose that, for any x € RN and any € € (0,1),

P<H|AXH1—//X//‘>€//X//>SQeXp(—HEQm). (7)
Then there exist constants c1,co > 0 depending only on k such that, for any § € (0,1),
P<’||Ax”1 —/x/ ’ >0 ) x /) for some s-sparse x € RN) < 2exp(— 0152m)

provided
m > el s In (ﬂ)
-6 s
Proof. We start by considering a fixed index set S C {1,..., N} of cardinality s.
Let S denote the unit sphere of the space R of vectors supported on S embedded with
the norm /- /. According to Lemma 4.10 of [20], we can find a subset U of S such that

2\ s
forallx e S and card(U) < (1 + ;) .

ol o

i —u) <vy:=
min /x —u/ <~
The concentration inequality (7), together with a union bound, gives

P<’||Au||1 —Ju /| >~/ forsome uGZ/I) < (1+i)s 2exp (— ky*m)

2
SQexp(—vam—i——S) :2exp(—
v

Kd%m N @)
9 5/

This means that the matrix A is drawn with high probability in such a way that

1=v)/Ju) <||Au|i <(1+4+7~)/u/ foralluel. (8)
Let & be the smallest positive constant such that

|Ax|1 < (1+6) ) x/ for all x € S. 9)
Given x € S, picking u € U with /x —u/ <+, we derive
1Ax[1 < [[Aufy + [Ax —w)li ST +7+ (14+8) /x—uf < T+y+ (1+0)r.

The minimality of & implies that

1+5§1+fy+(1+5)’7§1+2fy+5/3, so that 6 <3y =4.



Substituting into (9), we obtain the upper estimate
|Ax|1 < (1+9) /x/ for all x € R¥. (10)
Subsequently, for x € S and u € U with /x —u/ <+, we have

[Ax[li > [[Aui —[[Ax—w)|[i>1-v—-(1+d) /x—u/>1-5—(1+d)y
> 1-3y=1-4.

Thus, we obtain the lower estimate

|Ax||; > (1-6)/x/  forall x € RS, (11)
Since both upper and lower estimates (10) and (11) hold as soon as (8) holds, we obtain
5*m 6
P(“|AX||1 —Jx/|>6/x/ forsomex e RS) < 2exp<— r 9m + ?8)

We now take into account that the set of s-sparse vectors is the union of (];[ ) < (eN/s)*
spaces R to deduce, using a union bound, that

P(H]Ax||1 — /x//| > 6 x/ for some s-sparse x € ]RN>

< <];7>2exp<— ré*m +@) < 2exp<— ré*m +@ + sln (ﬂ))

9 ) 9 o s
k6?m  Ts eN
< — — .
_Qexp( 5 +61n(s>)
By imposing, say,
7s eN K6%m 126 eN
— — ) < i.e. > — —_—
(51n<3>_ 18 pa m_/<c5381n<s)’
we ensure that
52
P(H|Ax”1 —Ix/ ‘ > ¢ ) x/ for some s-sparse x € ]RN> < 2exp ( — 518m>.

This is the desired result with ¢; = £/18 and c¢o = 126/k. =

5 Sparse Recovery
In this section, we verify that the Modified Restricted Isometry Property (3) implies
sparse recovery by £i1-minimization.
Theorem 5.1 Let // -/ be a norm on RY satisfying
cllxlle < Jx/) < Cx||2 for allx € RV,
If a matriz A € R™N has a Modified Restricted Isometry Constant

5//.// - Vit/s—CJe

st < T/———— for some integer t, (12)

Vit/s+Cle

then any s-sparse vector x € RN is exactly recovered as a solution of (Py1) withy = Ax.



Proof. As is well known, see e.g. [15], it is necessary and sufficient to establish the
null space property in the form

|lvs|li <|[vglli forall v.eker A\ {0} and all S C {1,..., N} with card(S) = s. (13)

Given v € ker A \ {0}, we notice that it is enough to prove the latter for an index set
So of s largest absolute-value components of v. We partition the complement of Sy in
{1,...,N} as Sy = S1 U Sz U..., where

S1 is an index set of ¢ largest absolute-value components of v in Sp,

Sy is an index set of ¢ next largest absolute-value components of v in S,

etc. Setting dg4¢ := 5/ +/é, we obtain from the Modified Restricted Isometry Property (3)

1
Nvsy +vs | < ——IA(vs, + vs)l = ||A > valh
1= 5s+t k>2
1 + 6, 1+ 6,
< S lvali < “}j/&/<c TS vl
t k>2 tk>2 t g>2

For k > 2, the inequalities |v;| < |vj], @ € Sk, j € Sk—1, averaged over j, raised to the
power 2, and summed over i, yield

1
[vs,ll2 < WIIVSk_llll-
We therefore have

C 1+5s C 1+<5s
//VSO +V51// >~ = —— et Z H VS 1”1 > e H 5’0”1' (14)
k:>2 \[1

Next, we observe that

S
sl < VEIvs I < Vallvs, + vl < 2 fvs, tvs, /. (15)

Combining (14) and (15), we obtain

C 5146,
Ivsoll <S4/ T2 g

The null space property (13) follows from (C/s (1 + 8s4¢)) / (v (1 — 6544)) < 1, which
is just a rewriting of Condition (12). The proof is now complete. m



6 Main Theorem

We finally combine the results of the previous sections to prove that m x N pre-Gaussian
random matrices allow for the reconstruction of all s-sparse vectors by ¢;-minimization
with overwhelming probability provided m > ¢s In(eN/s). Note that the distributions
of the entries of the matrix need not be related, so long as they obey simple moment
conditions, which are automatically fulfilled when the entries are identically distributed.

Theorem 6.1 Suppose the entries of a matriz A € R™N are independent pre-Gaussian
random variables satisfying

E(laij|) > p and  E(|ai;|*") < (2k)16%%, k> 1.
Then, with probability at least
1 —2exp(—Cim),

any s-sparse vector x € RN s exactly recovered as a solution of (Py) with y = Ax,

provided
m > Cy s In(eN/s),

where the constants Cy,Cy > 0 depend only on 0/ .

Proof. Let v; ; denotes the centered probability measure associated to the entry a; ;
and let /- / be the norm defined in (2). According to Proposition 2.2, we have

m% x|z < Jx/ < mV20|x]2 for all x € RY.

Theorem 5.1 then guarantees s-sparse recovery by ¢1-minimization as soon as

sl < Vt/s—40/n
ot Vit/s+40/u

Let us choose an integer ¢ such that 64 (6/p)?s <t < (64 (6/p)* + 1) s. Since then
Vt/s—40/u - 80/ —40/u 1

Vijs+40/u " 80/u+40/pn 3

s-sparse recovery by £1-minimization is guaranteed as soon as (5£/+/é < 1/3. According to
Theorems 3.1 and 4.1 with & := 1/(128(6/p)*+16(6/1)) and § = 1/3, this is guaranteed
with probability at least

for some integer ¢.

1—2exp(—%), €= 1g

provided

eN 126
> 2 Hin (2, - =
m>27cy(s+1t) In por co -

This holds as soon as
N
m > 27 ¢y (64 0/p)* + 2) s In (e—)
s

The constants of the theorem are explicitly given by Cy = 1/(20736 (6/p)? +2592 (6/1))
and Cy = (435456 (0/p1)? + 54432 (0/11)) (64 (6/p)* +2). ™
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