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ABSTRACT. We consider a new multivariate generalization of the classical monic
(univariate) Chebyshev polynomial that minimizes the uniform norm on the in-
terval [—1,1]. Let IT¥ be the subset of polynomials of degree at most n in d
variables, whose homogeneous part of degree n has coefficients summing up to 1.
The problem is determining a polynomial in II}, with the smallest uniform norm on
a domain 2, which we call a least Chebyshev polynomial (associated with Q). Our
main result solves the problem for €2 belonging to a non-trivial class of domains,
defined by a property of its diagonal, and establishes the remarkable result that
a least Chebyshev polynomial can be given via the classical, univariate, Cheby-
shev polynomial. In particular, the solution can be independent of the dimension.
The result is valid for fairly general domains that can be non-convex and highly
irregular.

1. INTRODUCTION

Among its numerous properties, the Chebyshev polynomial T}, (x) = cos(n arccos z)
provides a solution for the best approximation to the monomial x™ on the interval
[—1,1] in the uniform norm. More precisely, the polynomial

¢ (z) = 2™ — 2" T, ()
of degree n — 1 is the best polynomial of approximation to =™ on [—1, 1]; that is

(1.1) q; = arg min  sup |z" —q(z)|,
a€lln-1 ze[—1,1]

with II,,_; being the vector space of univariate polynomials of degree at most n — 1.
In other words, the monic Chebyshev polynomial ™ — g is the least polynomial in the
sense that it has the least uniform norm among all monic polynomials of degree n.

There have been multiple extensions of Chebyshev polynomials to multivariate set-
tings from different angles. From the point of view of approximation, an immediate gen-
eralization is finding the best approximation to monomials [1, 2, 3,4, 7, 6, 8,12, 13, 14].
Namely, for d > 1, o € N? and |a| = Z?Zl «; = n, we consider the problem

(1.2) min sup |[x* — ¢(x)|,
qGHi_l x€eN

where IT¢_; denotes the real polynomials of total degree at most n — 1 in the variables
x = (x1,...,24), and where we define the monomial x* := z7" ...z5*. Since we will

deal with monomials of degree n throughout the paper, we introduce the notation
d . d . —
N§ = {a e (No)? : |a] =n},
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where Ng = NU {0} denotes the nonnegative integers. Thus N2 indexes all monomials
of degree ezxactly n in d variables.

Problem (1.2) can be regarded as a natural multivariate generalization of (1.1),
where Q C R? is a subset of RY. While the interval [—1, 1] is a prototype of a compact
connected set of the real line, there is no ‘prototype’ in higher dimensions for such a
set. In the literature, this problem has been studied primarily on a few special regular
domains. In two variables, the problem (1.2) is solved for the square, the disk, and the
isosceles right triangle [3, 4, 6, 8, 12]. While the solution on the square can be extended
to the cube for d > 2, the problem is solved only for a few cases, mostly monomials of
lower degrees, on the ball and the simplex [1, 2, 13]. Moreover, the existing examples
indicate an increasing complexity, so much so that it does not appear possible to find
an analytic solution even for these regular domains.

Recently, in [5] we have proposed to investigate (1.2) for various choices of Q C R?
and a € N? by combining analytical tools with numerical tools from optimization (and
notably the so-called moment-SOS hierarchy). During this study, we have encoun-
tered an optimization problem that has initiated a change of view: Namely, instead of
studying the best polynomial of approximation to monomials, we can study the least
polynomial instead. While the two concepts are identical in one variable, they can be
quite different in higher dimensions, as seen from the definition below.

Definition 1.1. Let T1¢ denote the space of polynomials of total degree at most n in
d variables, and 1T, the subset of 14 that consists of polynomials of the form

x — P(x) = Z aq X* + Q(x) with Z o =1land Q €TI%_,.

aeNd aeNd
Let Q be a domain in RY. We consider the optimization problem

(1.3) At [Plle, where |[Pllq = sup |P(x)]-
If it exists, we call a minimizer P* € II of (1.3) a least Chebyshev polynomial of
degree n on the domain €.

For d = 1, there is only one monomial of degree n. In the case d > 1, every element
of IT! is ‘monic’ and the monomial x* in (1.1) is only one among many possible choices
in ITY . However, rather than approximating a fixed monomial by polynomials of lower
degree, the problem (1.3) requires finding a polynomial that has the least norm among
all polynomials in II%. As far as we are aware, this polynomial has not been considered
in the literature.

Contribution. The main purpose of this paper is to report our findings on the op-
timization problem (1.3). It turns out, much to our surprise, that the problem (1.3)
can be solved analytically for a fairly general family of domains € in R? for all d > 2.
This family of domains will be referred to as diagonally determined.

Organization of this paper. The paper is organized as follows. We start by defining
and describing several examples of diagonally determined domains in Section 2. Our
main results are presented in Section 3, where we describe the least polynomial for
a diagonally determined domain. We discuss the dual problem of (1.3) in Section 4
and show that it too has a closed-form solution in the case of diagonally determined
sets. We also rephrase this result for the dual problem in the framework of extremal
signatures.
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2. DIAGONALLY DETERMINED DOMAINS

We define the diagonal of a domain  C R? as the set diag(Q) == {t € R : t1 € Q},
where 1 denotes the all-ones vector in R%. For two vectors x,y € R%, we use (x,y) for
their standard inner product.

Definition 2.1. We call a set Q C R? diagonally determined if the following two
conditions hold:
(1) The diagonal of 2 is an interval, say diag(Q?) = [a,b], and
(2) there exists v € RY such that (v,1) = 1 and (v,x) € [a,b] for all x € Q.
Importantly, Definition 2.1 covers domains that could be non-convex, non-compact,

and even highly irregular. Figure 1 gives an example of a non-convex diagonally
determined set in R?.

Z1

FIGURE 1. Example of a diagonally determined, non-convex set.
Here, diag(?) = [1, 3], and v = (1,0).

As a first observation, a dilation of a diagonally determined set is again diagonally
determined.

Lemma 2.2. If Q C R? is diagonally determined with diag(Q) = [a,b] and vector v,
then, for any r > 0, the dilation

rQl:={rx : x€Q}
is also diagonally determined with diag(rQ) = [ra, rb] and vector v.
Proof. The proof is an immediate consequence of Definition 2.1. O

We will now show that balls in R? (in any norm) are examples of diagonally deter-
mined sets.

Proposition 2.3. Consider a ball of radius r in R? centered at the origin:
0= {xeR' : x| <r}.
where || - || denotes any norm on Re. Then Q is a diagonally determined set.

Proof. We prove the statement for unit balls; the required result then follows from
Lemma 2.2.
Let || - ||« denote the usual dual norm of | - ||, namely

[lull« = sup{{u,x) : ||x||=1}, ue R%.
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Let v = u/||1]|, where u € R is ‘dual’ to 1, in the sense that [jul|, = 1 and
(u,1) = ||1]|. We then have diag(Q2) = [-b,b] with b = 1/|1], (u/|1]|,1) = 1, and
/10, %] < (/) ull ] < 1/]1]) = b, so that (u/[1],x) € [b,b] = [a,] for
all x € Q. (]

By Definition 2.1, we have the following immediate corollary.

Corollary 2.4. Assume Q C R? is a subset of a ball in R* in any norm, centered at
the origin, and that the diagonal of Q0 coincides with the diagonal of the ball. Then
is a diagonally determined set.

To illustrate this corollary, the example in Figure 2 shows a non-convex subset of a
unit (Euclidean) ball, that has the same diagonal as the ball.

T2
I e e I a
| ] ] |
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| | | AN
| | 1 L7 |
,,,,, I

| | |
I > I I
| s | ]
L Z ! Ly L1
i / 1
| Z 2 1
|
|

FIGURE 2. Example of a diagonally determined, non-convex set.

Here, diag(Q) = [—%7 %}, and v = (1,1).

Example 2.5. It is insightful to consider the specific example of the unit ball of the owl
norm (ordered weighted ¢1-norm) defined relative to weights w1 > wg > -++ > wq > 0

by

d
ol = 3~ wia,
=1

with (xF,...,x%) being the nonincreasing rearrangement of (|x1|,...,|zql). Note that
1llow = E?Zl w; = W, so that b = 1/W. Letting w = (wy,...,wq), we set v =
w/W, since (w/W,1) = (Zle w;)/W =1 and, for ||x||ow <1,

n
E Wiy
i=1

[{(w/W, )| /W

=1
< yw-b
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The intersection of certain balls in R? with the nonnegative orthant in R% are also
diagonally determined, as the next result shows.

Proposition 2.6. Assume || - || is a norm on R* with dual norm || - ||, and that the
following holds: there is an entrywise-nonnegative vector u € R% such that |[ul|, = 1
and {(u,1) = ||1]|.

Further assume Q@ C R? has diagonal diag(Q) = [0,7/|[1|] for some r > 0, and, for

alx € Q, x>0 and ||x|| < r. Then Q is a diagonally determined set with vector
v =u/|1f].

Proof. We again prove the statement for the case r = 1; the result for general r > 0
then follows from Lemma 2.2. Setting v = u/||1||, one has (v,1) = 1. Moreover, for
x € Q, (v,x) > 0, since x,v > 0, and

1 1 1
(v, %) = = (u, x) < el x| < =
11]] 1]l 1]
so that (v, x) € diag(f2) for all x € Q. O

The assumption on the norm in Proposition 2.6 is met by, for example, all #P-norms,
and the owl-norm in Example 2.5. As a simple corollary of the proposition, the simplex

d
Q:{XERd : XZO7Z%‘§1}7
i=1

is diagonally determined, since it is the intersection of the unit ¢!-ball with the non-
negative orthant. See Figure 3 for an illustrative example of Proposition 2.6.

T2
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T T T T
1 3
0 2 1 2

FIGURE 3. Example to illustrate Proposition 2.6. Here, diag(Q?) =
[0, ], with b ~ 1.35. Moreover, ) is contained in the ¢!-ball of radius
r = bd =~ 2.7, intersected with the nonnegative quadrant.

3. LEAST CHEBYSHEV POLYNOMIAL FOR A DIAGONALLY DETERMINED DOMAIN

In this section, and with  being a domain in R¢, we consider the problem of finding
a least polynomial P* € I} such that

[1P*[lo = mf{[|Pllq : P €TT,},

for the special case where (2 is diagonally determined.
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Theorem 3.1. Let Q be diagonally determined with vector v and diag(Q) = [a,b].
Then

. . b—a\" 1
(3.1) inf {||P|lq: Pell}} = ( 5 ) T
and the infimum is attained by the polynomial
" ) b—a\" 1 (v,x) —a

Proof. Let P € 1II7, say
P(x)= Y aax*+Q(x) with Y an=1land Q€I ;.
aeNd aeNd

Then P(t,...,t) =" +gn—1(t), where ¢,_1(t) = Q(t,...,t) is a univariate polynomial
of degree at most n — 1 in the single variable ¢. Hence,

b—a\" 1
> n > R
(3.3) | Pllo > anglﬁgbﬁ +qu-1(t)] > ( 5 > on—1

where we have used a classical result in one variable, and equality in the last inequality
is attained by choosing ¢,,—1 such that t"+q,,—1 (¢) is the rescaled Chebyshev polynomial
in the right-hand side of (3.2).

Moreover, as ) is diagonally determined, then for all x € ), one has (v, x) € [a, b],

and therefore
b—a\" 1 (v,x) —a b—a\" 1
Pl = — T, -1+2—"— ]| < .
177l ( 2) 971 ety ”( - )‘-( 2 ) gn—1
Finally, we need to show that P* € II. First note that ¢ — P*(t1) is a monic
univariate polynomial in ¢, since (v,1) = 1. On the other hand, we may write P* in

the form

Pr(x) = Y aix*+Q"(x) with Q" € TI%_,,

aeNg
so that
Pr(tl) = Y ajt™ + Q" (t1).
aeNd
Thus ZaeN;{ a’, = 1, and therefore P* € I, as required. O

The minimal value in (3.1) does not dependent explicitly on the dimension d, but
the diagonal [a,b] may. For example, if Q is the unit Euclidean ball in R, then

—a=b=1/Vd.

Example 3.2. For the cube Q = [—1,1]%, Theorem 3.1 shows that |P*||q = 271,
In contrast, for every o € N¢ with |a| = n, we have

inf  [x* = Py 150 = 27t
Pemd | ’

as shown in [12], which depends on the dimension d.

Since an optimal solution of problem (1.3) is given in terms of the univariate Cheby-
shev polynomial 7}, in Theorem 3.1, the reader may wonder if this optimal solution is
in fact unique. This turns out to be not the case, as the next example shows.
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Example 3.3. The simpler A? = {x ¢ R : 0 <2y <29 < ... <29 <1}
is diagonally determined with v = (1,0,...,0), and diag(A?) = [0,1]. Hence, by
Theorem 3.1,

1\" 1
1P|l pa = inf {||P|lpa: P eI} = () ot

2 2n71
is independent of the dimension d. Moreover, one has P*(x) = 272" 1T, (22, — 1),
which is univariate. Another valid choice for v is v .= (0,1,0,...,0) that leads to a

different least Chebyshev polynomial, namely x — 272" T, (224 — 1).

We point out that the requirement ) ya ao = 1, is susceptive under linear change

of variables other than a translation. For instance, the triangle A? = {x:21>0,29 >
0,71 + 22 < 1}, is a mirror image of A? under a9 +— 1 — x5. However, under the linear
change of variables x5 + 1 — zg, the leading monomial agx? + a1z172 + ag3 of a
polynomial in IT5 becomes, agx? — a1 7272 + asx3, which is no longer an element of IT3.

4. THE DUAL FRAMEWORK AND SIGNATURES

In this section we consider the dual problem of (1.3). Our goal is to show that, in
the special case of diagonally determined domains, the dual problem has a closed-form
solution. Moreover, we will construct a dual solution that is atomic (discrete), and
supported on n + 1 points.

4.1. The dual problem. With © being a domain in R%, let C(Q2) be the space of
continuous functions on 2, and let C(Q2)* be the dual space of C(Q2). For compact €,
one has the following, strong duality result for problem (1.3).

Theorem 4.1. Let Q C R, and consider the dual problem of (1.3), namely
(4.1)

~* = sup {'y t Lypa = 0, HLHC(Q)* =1l,and L(x— x%) =~ foralac NZ},
R i
Le’YC(Q)*

where the norm of L is defined as

ILllc@y = sup {|Lh| :||hllo <1},
hec ()

One has v* < inf {||P|lq : P €I} (weak duality), and v* = inf {||P|lq : P €I’}
if Q is compact (strong duality).

One may derive this result directly through conic linear programming duality theory,
e.g. [11, Proposition 2.9], and we will omit the proof here.

It is insightful, though, to make a link with classical Chebyshev approximation. To
this end, we denote an optimal solution of problem (1.3) by

(42) x— P (x)= > aix*+Q"(x) suchthat Y a,=1 Q" €Il ;.
OéENﬁiL OtENf,iL

Note that P* € Il . Clearly,

[P*llo= min || Y a;x*+Q(x)|| ,

Qeni,—l d
aeNg Q
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while the latter problem is the classical Chebyshev problem of approximating the
homogeneous polynomial x +— > ya afx® from me ..

Recall the strong duality result for the classical Chebyshev approximation problem
as given in the paper by Rivlin and Shapiro [10, Corollary 2].!

Theorem 4.2. For any f € C(Q), with Q compact, one has the following

4.3 i - = L :L :07 L *:1 .
@3y min lF =@l Lé’%‘)*{ (f): Lina_, =0, [IL]c@) }

n—

From this, we can immediately deduce the following relation between the two dual
problems.

Lemma 4.3. For f(x) = > cna asX®, any optimal solution of problem (4.1) is also
optimal for the dual problem in (4.3).

Proof. Let L* denote an optimal solution of problem (4.1). Then L* is feasible for the
dual (maximization) problem in (4.3). Moreover,

L(fy=L" Y abx™| = Y arl*(x*) = Y aty' =7 =||P|la.

aeNd aeNd aeNd

This yields the result. O

In the next subsection, we review the fact that the optimal dual solutions may be
assumed to be atomic (discrete) without loss of generality.

4.2. Atomic dual solutions and signatures. We first recall a classical interpolation
formula for linear functionals, as given in [10, Corollary 3].

Theorem 4.4. Let L be any linear functional on a finite dimensional subspace V' of
C (), with Q compact. Then there exist points wi,...,w, € Q with r < dim(V'), and
non-zero scalars 11, ...,7., such that, defining the point evaluation functionals

L,,(f)=flwi) i=1,...,m
one has

(4.4) L=> 7Ly, LI =) |l
=1

i=1

As a consequence, there exists a discrete (atomic) solution to problem (4.1). We
give a proof below only for the sake of completeness and later reference — the type of
argument we use is classical.

Corollary 4.5. There exist points wi,...,w, € Q with r < dim(11%), and non-zero
scalars 1,..., 7 with >.._, || = 1, such that an optimal solution of problem (4.1)
is given by (4.4). Moreover, the points w1, ...,w, are extremal points of any optimal
solution P* to problem (1.3), i.e.,

|P*(wi)| = ||P*|lq  foralli=1,...,r

n [10, Corollary 2], the objective is in fact given as sup|L(f)|, but the absolute value may be
omitted w.l.o.g., since L is feasible for the dual problem if and only if —L is feasible.
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Proof. The first statement follows immediately from Theorem 4.4, using V = II¢. Tt
remains to show that the points wy,...,w, are extremal points of any optimal solution
P* to problem (1.3). Now let L* denote an optimal solution of problem (4.1), so that

=1 i=1

By Lemma 4.3, L* is also an optimal solution for the dual problem in (4.3). Thus,
for any optimal solution P* of problem (1.3), one has

1P|l = L*(P*) = ) miP* (wi).
i=1

Since >_i_, || = 1, |P*||q is a weighted average of the values P*(w;) with 7; > 0 and
—P*(w;) with 7; < 0. As a consequence, we have

HP*” _ P*(wi) ifTi>O,
@ —P*(w;) if1 <O,

completing the proof. O

The extremal points in Corollary 4.5 are usually called the support of an extremal
signature, defined along the line of [9, Section 2.2] as follows.

Definition 4.6. A signature with finite support S C Q is simply a (partition) function
from S to {£1}. A signature o with support S is said to be extremal for a subspace
V. C C(Q) if there exist weights A\, > 0, w € S, such that ) g Ao(w)v(w) = 0
for allv € V. A signature o with support S is said to be associated with a function
g € C(Q) if S is included in the set {w € Q : |g(w)| = ||g|la} of extremal points of g
and if o(w) = sgn(g(w)) for allw € S.

Thus, the result of Corollary 4.5 may be restated as the existence of a signature
with support S = {wy,...,w,} where r < dim(II¢). This signature is extremal for
¢, and associated with every optimal solution of problem (1.3). Therefore, we will
simply refer to an optimal signature for problem (1.3). Formally we have the following

result.

Proposition 4.7. Any atomic solution of the dual problem (4.1), say L* of the form
(4.5), gives rise to an optimal signature for problem (1.3), by setting:

S:{wla"'awr}, o—(wi):sgn(ﬁ), )\i:|7—i|7 Z‘:l,"'ar'

This is essentially a reformulation of the well-known characterization of best ap-
proximation by polynomials in terms of the extremal signature ([9, Theorem 2.6]) for
the dual problem.

4.3. Signatures for diagonally determined domains. For the special case where
Q) is a diagonally determined set, we may now infer information about an optimal
signature from Theorem 3.1 and Proposition 4.7. The idea of the proof is to construct
an atomic optimal solution for the dual problem (4.1).

Theorem 4.8. Let ) be a diagonally determined set with diag(Q2) = [a,b] and vector
v. Then, an optimal signature for problem (1.3) is defined by a set S, of n+ 1 points

b— | —1
(4.6) wja1+2a<1+cos<(])ﬂ>)l forg=1,....n+1,
n
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where 1 again denotes the all-ones vector in R, together with the partition function
o: S8 —{-1,1}, given by

N 1 ifj is odd
o(w;) = { —1 ifj is even,

as wellas)q:)\n_H:%, and \i =14ifi=2,...,n.

Proof. By Theorem 3.1, an optimal solution to problem (1.3) is given by the polynomial
P* in (3.2), namely

P*(x) = (b;“)n 2n171Tn (—1 +2<V;)X>a_“) .

Using the well-known fact that the extremal points of 7, are given by the Gauss-
Lobatto-Chebyshev points §; := cos ((j — 1)m/n) for j =1,...,n+1, we have that the
points listed in (4.6) are extremal points of P*. Indeed, using (v,1) = 1, one has

b— j—1
<V’wj>:a+26l<1+cos((.7)7r)> fOI‘jZl,...,n-l—l,
n

which is the same as

<Vv wj> —

142 S ogiforj=1,....n+1.
b—a

Next, we will construct an atomic solution of the dual problem (4.1), that will lead
to the required optimal signature, by Proposition 4.7.
To this end, define the linear operator

1 n+1
L* = —1)"IN\ L. .
n+1 ;( ) ‘

We claim that L* is an optimal solution of the dual problem (4.1). We first verify
feasibility. We will show that L* vanishes on I1¢ |, as required, by using the Gauss-
Lobatto-Chebyshev quadrature formula, which implies, for k < n:

n+1

> NT(E)Tr(E) =0,

j=1

due to the orthogonality of Chebyshev polynomials. Using T,,(¢;) = (—1)'*7 yields
n+1 )

(4.7) L*(T) = Y N(-D)'"T(&) = 0if k < n.

j=1

Thus L* vanishes on univariate (and separable) polynomials in I1¢_;. For the general
case, it suffices to consider d = 2 and the monomial p(z1, z2) = Tk, (x1)Tk, (x2), where
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k1 + ko < n, and show that L*(p) = 0. To this end, note that
n+1

L*(p) = ZAj(71)1+ka1(£j)Tk2(£j)

n+1
= Z A ()2 Ty 6) + Tiy s 65)]
"+1 ) 1 n+1 .
= *ZA ﬂT\krkzl(fiH'§Z>‘j(—1)1+JTkl+k2(§j) =0

Jj=1

using (4.7). The result for general d now follows by induction.

Secondly, we verify that L*(x®) is independent of o, when |a| = n, say L*(x%) =4
whenever @ € N¢. This follows immediately from the construction of L*, since all
coordinates of the vectors w; are equal for all ¢ = 1,...,n + 1. Finally, to prove
optimality, we note that, for P* written in the form (4.2),

[P*llo=L*(P*)= Y atL*(x*) =4 Y a

aeNd aeNd

so, by the weak duality theorem, L* is indeed optimal. The required result now follows
from Proposition 4.7. (]

Remark 4.1. Tt is interesting to note that — for diagonally determined sets — there
exists an optimal signature for problem (1.3) with support size n+1. One can compare
this to the general result for compact Q of a signature support size of dim(I1¢) = (”;d).
Remarkably the minimum support size is independent of d in the diagonally determined
case. Moreover, we did not use compactness of 2 in the proof of Theorem 4.8, whereas
compactness is needed for the general bound. Finally, note that the optimal signature

in Theorem 4.8 depends on  only through its diagonal [a, b], and is independent of v.
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