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Abstract In this paper we consider the de la Vallée Poussin’s type operators H,, s,

H o Frn+Frn+l+---+an71
rn,sn c— (S — }”)I’l ’

where Fj, are classical Fourier projections onto Il (the space of trigonometric poly-
nomials of degree less than or equal to k). We determine when H, y, is the minimal
generalized projection and provide the asymptotic behavior of the norm ||H, y,||. Ad-
ditionally, we contrast the results obtained for the trigonometric system to the results
obtained for the Rademacher system.
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1 Introduction

The symbol .#(X,Z) stands for the space of all linear continuous operators from a
normed space X into a normed space Z. Let V C Z be (closed) subspaces of a Banach
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space X. Put
Py(X,Z) ={Pe X (X,Z): Ply =id}. ()

Each element of &2y (X, Z) is called a generalized projection. We say that P, is a
minimal generalized projection (MGP) if it has the smallest possible norm, that is
if

IP,]] = Az(V,X) :=inf{||P|| : P € Py (X,Z)}. 2)

The case V = Z corresponds to standard projections and we denote & (X,V) :=
Py(X,V)and A(V,X) := Ay (V,X) for simplicity. Projections play an important role
in numerical analysis. Given a projection P, we can approximate x by Px and the
error of such approximation ||x — Px|| can be estimated by means of the elementary
inequality

x — Px]| < ||id — P|| - dist(x, V) < (1+|[P]) - dist(x, V), 3)

where dist(x,V) := inf{||x — v|| : v € V}. From the above inequality we deduce that
the smaller the norm of P the better the approximation of x by Px. Notice that inequal-
ity (3) also holds for generalized projections. Moreover, if V C Z then &y (X,V) C
Py (X, Z). The question arises, to what extent we can improve the approximation of
x by Px if we consider generalized projections. The related question is how smaller
the norms of the generalized projections are in relation to A (V, X).

The classic example considers the Fourier projection. Let X = %5, (R) (the space
of continuous 27-periodic functions on R) or X = L;[0,27] and denote by IT, the
space of all trigonometric polynomials of a degree less than or equal to n. The Fourier
projection F,, : X — II, (that is the orthogonal projection onto I1,) is given by

1 27

E(f)@0)= 5= | f($)Dalt—s)ds, @)
T Jo
where D,, is a Dirichlet kernel
s 2n+1
=—t
Dy, (t) =142cos(t)+...+2cos(nt) = M )
sin(5)

Observe that, the Fourier projection is a self-adjoint operator so its operator norm
induced by L norm and L., (or supremum) norm is the same. The Fourier projection
is uniquely minimal ([13], [2] and [10]) and its norm is given by ([7] and [9])

4
|Ea |l = 1Dy = ?lnn. (6)

The main difficulty here is that ||F,|| — o= which, by Banach-Steinhaus theorem,
means that the set of f € X for which the sequence F,(f) diverges is dense in X.
We also refer the reader to [22], [8], [11], [12] and [18] for further reading regarding
the properties of Fourier projection.

In 1918 de la Vallée Poussin ([15]) introduced the generalized projections con-
sidering the arithmetic means of Fourier projections

H L E1+Fn+1+~~+F2n71
n2n «—

. € Zn,(X,Ih,_y). (7
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Observe that, the de la Vallée Poussin projection is a self-adjoint operator so its op-
erator norm induced by L; norm and L. (or supremum) norm is the same. The main
advantage of de la Vallée Poussin generalized projections Hj, 2, is that their norms are
uniformly bounded. Recently, it has been shown that H,, », are in fact the generalized
minimal projections ([5]) and their exact norms have been established ([14])

1 2V3
|Hpo2nll = || F1]| = 3t = 1.435991.... (8)

We also refer the reader to [3], [4], [20] and [21] for further reading regarding the
properties of de la Vallée Poussin operators.
In this paper we consider the de la Vallée Poussin’s type operators H,, s,

Bttt B
n,sn - —

n € '@Hn (XaHsn—l)- (9)
We provide a full characterization when H,, y, is the minimal generalized projection
(see Theorems 12, 14 and 16)

Theorem 1 H, g, is (MGP) in Zm,(X,I1,—1) if and only if s =1 or s = 2.

We can easily see that ||H,, | — 1 as s — co. But how fast is the convergence? Or
how much do we gain by setting the overspace Z to be I, (instead of I,_1)? We
provide the tight asymptotic behavior of the L; norm and L., (or supremum) norm of
the de la Vallée Poussin operators (see Theorem 18 given on page 13).

Theorem 2 ||H, | = 1+0(L), foralln e N.

Here a, = ©(b,) denotes that a,, is bounded both above and below by b, asymptoti-
cally.

Summarizing, for the trigonometric system, we considered the sequence of sub-
spaces I, and the sequence of corresponding overspaces such that

II,CcIl, o1 C...CI 51 C...CX (10)
and
4

A, (X, TT,) ~ — Inn (11)

1 23
A, (X, Thy_y) = §+Tf — 1.435991... (12)

1
A'I'I,l()(;ljsnfl) == 1+®(;) (13)

We contrast the results obtained for the trigonometric system to the results ob-
tained for the Rademacher system. Let X = L [0, 1] and denote by Rad,, = span{ro, ...,r4—1}
the subspace spanned by the first n Rademacher functions. The Rademacher projec-
tion R, : X — Rad,, (that is the orthogonal projection into Rad,,) is given by

1
Ru(f)(2) = /0 F(5) Dyt @s) ds, (14)



4 Beata Deregowska et al.

where D), = ):l’.’;ol r; is a corresponding Dirichlet kernel. The Rademacher projection
is minimal ([1]) and the behavior of its norm is given by ([17])

IRu|| = © (V). (15)

Interestingly, and in contrast to the trigonometric system, we cannot improve any-
thing by considering the generalized projections onto Rad,, (for m > n) as we obtain
the following result (see Theorem 23).

Theorem 3 R, is (MGP) in Pryq,(L1]0,1],Rady,).

Furthemore, if we set the overspace Z to be S, (the space of simple functions gener-
ated by characteristic functions of the intervals I; , = [zi,,, 1;,11 ), where €{0,1,...,2" —
1}) and consider the projection L, € Pgq, (L1]0,1],S,) given by

Ln(f>=2n2_1< | f(x)dx) 2, (16)

1=0 \lia
we establish the result below
Remark 4 ||L,|| = 1 and, therefore, L, is (MGP) in PRaq,(L1[0,1],S,).

The following well known characterization of best approximation is a direct con-
sequence of Hahn-Banach theorem and will be our main tool in determining whether
a given generalized projection is minimal or not.

Theorem 5 ([19], Theorem 1.1) Let X be a Banach space and V C X be a linear
subspace and let xo € X \ cl(V'). Then vy is a best approximation to xo in 'V iff there
exists f € S(X*) such that

fxo—vo)=|lxo—wvol|| and flv =0. (17)

2 De la Vallée Poussin’s type operators

Definition 6 Let X = 627(R) or X = L;[0,2x]. Let Hyy, 5 : X — Iy be given by

1 sn—1 1 27
Honsn(£)(0) = (7= 5 L BN = 50 | F@)Venn (0 =), (18)
k=rn
where
B 1 sn—1 B Sin(%nt) sin(%m)
Vrn,srz (t) - (S _ r)n k:Zka(t) o (S — r)n(sin(%l))z

19
_ sinz(%")—sinz(r—”’) (19

2
(s— r)n(sin(%t))2

for some r;s € N such that r < s. Then Hy sy € P11,,(X,ILu—1) is a generalized
projection called de la Vallée Poussin’s type operator.
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Observe that for every operator P which is de la Vallée Poussin’s type operator there
exist unique natural numbers r, s, n such that r and s are relatively prime and P =
HI’I’LSVL'

Theorem 7 ([14], Theorem 1.1) Let r, s, n € N. Then

|l = [1F ] (20)
PROOF. Using the identity

1 = 1

sin2(t) kzz_:w (t +km)2

21

we can provide a different and much shorter proof of the statement of this theorem.
Indeed, by (21) we obtain

1 2 1 2
Hrn,sn([) = E 0 f(u)vm,sn(t - M)dl/l = E/O f(t - M)Vm,sn(u>du

1 2= = sinz(%)—sinz(%))
“2m o fe=w (s—r)nk:z_:w (u+2km)? du.

Since the above series is uniformly convergent on R there follows

1 g sinz(%)—sinz(%))

2
27 Jo fle—u) (s—r)n k:X_:N (u-+2km)?
1 e pom sin?($24) — gin? (1))
=5 B O sty

1 +oo O SiIl2 ( sn(u+2km) ) . sinz( rn(u-+2km) ))

- - o 2 2
_27t(s—r)nkzz_:w 0 Flt —u—=2km) (u+2km)?

1 teo 2(k+D)m / )Sinz(%)*i“z(%))

mk:_m./zkﬁ (o u?
1 oo sin® (*3*) —sin®("3*))

— e [T

2n(s—r)n J-
s+r

B 2 Fee sin(*5"nu) sin( 5" nu)
C w(s—r)n /—oo UG u?

Hrn,sn(t) = du

du

k=—o0"

du

du

du

u

du

Hence

+eo | sin( 55 nu) sin(S5nu)|

Honsall =~ |
T (s —r)n - u?

Making the substitution —2—x = u, we get
(s—r)n

du. (22)

1 /+°° | sinxsin(Lx)|

||Hrn.,an = ; . 2 dx,

which shows that the norm of the operator H,, g, is independent of .
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Corollary 8 Let p,q € N such that p > q then
/+o<> | sinxsin(£x)|

2 dx = 7||Hp—g.piql-

Lemma 9 ([S], Lemma 2.1) Let X be ér2(R) or Li[0,27]. Let 0 # A C B be finite
subsets of 7.. We define V ::~span{e’k’ : k€AY and Z := span{e'*" : k € B}. For every
P e Py (X, Z) there exists P € Py (X, Z) such that

_ _ | pon .
|PI| <Pl and P(f)(t) == [ [f(s) Zake'k(tﬂ>ds (23)
27 Jo keB

for some ay, € C, such that a, = 1 for k € A.

Lemma 10 Let X be 637 (R) or L1[0,27]. Then Hyy s is (MGP) in P, (X, I1—1)
iff for all k € Z such that rn < |k| < sn the following holds

21 .
/ sgn(Vyon (1)) dt = 0,
0

PROOF. By Lemma 9 it is enough to show that H,, y, is minimal in the set of gener-
alized projections given by the convolutions (23). If P is a generalized projection of
this form then there exists b; € C, such that

PO =5 [0t )

rn<|k|<sn

Then
dt.

1 2z
P|l=—
1Pl =55 |

Hence H,, s, is MGP if and only if O is a best approximation to the function V,,, s, in
Y :=span{e": [k| € {rn+1,...,sn—1}} equipped with L;-norm. Since sgn (V. ) €
L.[0,27] is a unique norming functional for V,, s, € L1[0,27], by Theorem 5 we ob-
tain the assertion. []

Vi, (l) + Z bkeikt

rn<|k|<sn

Lemma 11 Let n,s,r € N and s > r. Then the function sgn(Vin ) : (0,27) — R (see
(19)) has the following properties

1. sgn(Vin ) is a 27” periodic function;
2. sgn(Vipsn(% —1)) = sgn(Vipsu( % +1)) forall t € (0,%);
3. zeros of the function sgn(Vy, s,) in the interval (0, %) have one of two forms:

(i) (S%fr“)n fora e {1,...,p}, where p is the biggest natural number which is less

than *5*;

(ii) (ffr“)n Jorae{l,....q}, where q is the biggest natural number which is less

s—r
than > -
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PROOF. Let f(¢) :=sin(*3nt) sin(*5%nt) for 1 € (0,27). By (19) we have sgn (Vi z) =
sgn(f). Observe that, if the function f has the above properties, sgn(f) has the same
properties.

1. Fixt € (0, M) then f(t+22) = sin(S5-nt + (s + 7)) -sin(S5ont + (s —r)w) =
(=1 (1) (1) = £(2).

2.Letre (0, %), then f(X—1) = f(t—2) = (—=1)*"T"(=1)"7"f(t — £) = sin(n(r —
) 4 (s+r)7) -sin(3n(t — E) + (s—r)m) = f(% +1).

3. Follows from the definition of the function f. [J

For simplicity of notation, we denote H\, := H,, (r+1)ns V)= Von,(r+1)n @and H?, =

Hm,(r+2)m Vrzn = Vrn.,(r+2)n'

Theorem 12 Let X = 6>7(R) or X = L1[0,27x]. Then for all r € N operator H), is
MGP in gznm(X, H(r+1)n—1)'

PROOF. By Lemma 10 it is sufficient to show that, for every k € Z, such that |k| €
(rn, (r+1)n) we have fmsgn(V1 (t))e*'dt = 0. According to Lemma 11, V,},(t) = 0

if and only if t = (231?) for b € {1,...,(2r+ 1)n — 1}. Moreover, only at double

zeros of V(1 = % for a € {1,...n—1}) the function does not change the sign.

Denote I, = (Qfﬁ)n’ %gfﬁ)lrz ) forb € {0,...,(2r+ 1)n— 1}. Observe that between
two double zeros there is always an even number of simple zeros, which implies that
the function V,} changes the sign an even number of times between them. Hence
sgn(f)ly, = sgn(f)|(07 o) = 1 for b=a(2r+1), where a € {0,...,n—1}. Conse-

quently for every k € {0,2,...,2r}

sgn(f)|1h:sgn(f)|(027n):1 for b=a(2r+1)+k,

> (2r+1)n

where a € {0,...,n—1} and for k € {1,3,...,2r— 1}

sgn(f )|1b—sgn(f)| =—1 for b=a(2r+1)+k,

2;+l)n)

where a € {0, ...,n—1}. For simplicity of notation let I, ; = I,(3,4.1)+; fora € {0, 1,...,n—
1}and /€ {0, 1,... 2r}. Now, fix k € N\ {0}

2 ) 2r n—1 .
/0 sgn(Vn(t))e’k’dt:Z(—l)lZ / e

2r ﬂ* 2mik(a(2r+1)+141) 2mik(a(2r+1)+1)
Z Z 2r+1)n —e 2r+1)n )
=0 a=0
2r 2mk(l+1) —1 .
Z (2r+1)n Z (ezﬁlk)a
=0 a=0

2mkl n=1 2wk \ @

— (i) 1): B Y ("

a=0
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If rn < |k| < (r+ 1)n, then e # 1. Hence

2 . 2mk(l+l) 27kl 1— eZﬂ.’ik
/ sen(V,(1))e™dr = (ik) ™! Z (=1 (e @+ —elriin ) ——= =0,
0 l—en

which yields the conclusion. [J
By Theorem 7 we have the following formula for the norm of the operator H,) .

Theorem 13 Let X = 63z (R) or X = L[0,2n]. Fix r € N. Then for alln € N
1Hpll = Lr, 24)
where L, is the r-th Lebesgue constant (L, = ||F,|| = ||D/||).

Theorem 14 Let X = 6>1(R) or X = L[0,27x]. Then for all r € N, the operator H?,
is MGP in 321‘[,,1 (X, H(r+2)n_1).

PROOF. By Lemma 10 it is sufficient to show that for every k € Z, such that |k| €
(rn, (r+2) ) holds 02”sgn( V2 (t))e*dt = 0. Accordingly to Lemma 11V, ( ) =0iff

t= (r+1) forbe{l,...,2(r+1)n—1}. Moreover only in double zeros of 2 (=12
for a € {1,...2n— 1}) does not change the sign. Denote [, := <(r_’:lf) ) (r(_bj;) ) for
be{0,...,2(r+1)n—1}. Observe that between two consecutive double zeros there
are exactly r simple zeros. Hence sgn(f) s, = sgn(f) |1,y forallb€0,...,2r+1
andl € {1,...,n—1}. Fix k € N\ {0}, then
21 . 2r+1
/ sgn(V2(1))e* dr = Z sgn(f)]s, Z / e dr
0 Ip21(r+1)
2r+1 — Tik(b+1+21(r+1)) mik(b+21(r+1))
= (ik)_1 Z sgn(f)lz, Z e (+Dnm —e (tDn
b=0
2r+1 7nk(l7+ 1) ikh =1 i
lk -1 Z Sgn (r+1n _e(r+l)n) (6¥)l

If rn < |k| < (r+1)nor (r+1)n < |k| < (r+2)n then e # 1. Hence

2 ) 2r+1 ik(b+1) mikh ] — @27k
/ sgn(V2 (1))e™ dr = (ik) ! Z sgn(f)]z, (e T e(f“)ﬂ)é =0.
0

2mik
1 —e n

On the other hand for |k| = (r+ 1)n, we have

v4 2r+1
[ Sz an = 7 T amsen()ly (1)
b=0

r 2r+1
= (k)" Y 2n(= 1) +(ik) ™" Y 2n(—
b=0 b=r+1

which completes the proof. [J
By the above calculations it is easy to deduce the formula for ||H2 ||
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Theorem 15 Let X = 627(R) or X = L1[0,2x]. Then for all odd r € N

r=1 @2m+)m
4 2 tan( )
) =2y — 0 (25)
o 2m—+1

PROOF. Using Theorem 7 we get |H2,|| = |H?||. Accordingly by Definition 6 we
have

520 = o [ VR0l
r *27.[ 0 r

1 /27r 2 - ikt i(r41)r —i(r+1)t
=— sgn(V-(t ( e + (et oilr ))dt.
27 Jo k;r

By the proof of Theorem 14
27 . .
/0 Sgn(VrZ(t))(el(rJrl)t _i_efl(rJrl)t)dt =0,

and for k € Z such that 0 < |k| < r

mik(b+1) nikb

a, = /27r sgn(V2(1))e™ dr = (ik) ™! Zr: (=Dl (e 1 —erl)
0 b=0

2zt ik(b+1) i " ik(b+1) ;
(k)Y (1PN — B = (i) Y (~ 1) (e T — e
b=r+1 b=0
ek I ik(b+1) mikb
+ —1)btr H1 . —ertl ).
LD )

Hence for k = 2m, a; =0, and for k = 2m+ 1 we have

r,

2 & mik(b+1) ik mik(2b+1) 2mikb
b
ar = — —1 e 1 — er+l e r+l e r+l
ST b;)( )( Z
5 4 (ﬂ:ik) (—m‘k) 4 k
Tikb ik e20r+l) — g2(rt+l T
er+1 _1 (e I +4er+l>:.—~%:7tan
Z’ ik s sk (Z(r—i— 1))
— e2r+1) | @20r+1)

Notice that zeros of the function V> divide the interval (0, 7) into 7+ 1 equal parts.

Since all zeros in this interval are simple, sign of the function is equal 1 on ~ +1 parts
and —1 on the ’*1 parts. Hence by Lemma 11 (2) ag = 0. Now we can easily compute
the norm
r—1 (2m+1)7‘r
1K 12 4 tan( 2(r11) )
H:| = |H?| = — — ==Y ———>7.0
I = 17 = 57 X ax= o B amei = B — 5

Now we present a theorem, which shows that de la Vallée Poussin’s type operators
do not have to be (MGP).



10 Beata Deregowska et al.

Theorem 16 Letn,s € N and s > 3. Then H, 5, is not a minimal generalized projec-
tion in '@Hn (X,Hsn,] )

PROOF. To the contrary, assume that H,, g, is MGP. According to Lemma 10, for all

k| € {n+1,...,5n— 1} we have [Tsgn(V,,)(1)e™ dt = 0, and consequently

2
/ sgn(Vysn(t))cos(kt)dt =0 forall ke {n+1,...,sn—1}. (26)
0

Since s > 3, n < (s —2)n < sn. The functions cos((s —2)nt) and sgn(Vj, s, (r)) are 27”

periodic. Hence by (26) we get

2

/0 " (Vi (1)) cos((s — 2)nt) di = .

Using Lemma 11 it is easy to see that sgn(V, . (t)) = sgn(Vys(nt)) for t € (0,2%),
and consequently

/Oznsgn(VLs(t)) cos((s—2)t)dt =0.

Now assume that s = 2/ + 1 for some integer / > 2. In the proof of the next theorem
we will show the equation ((29)) and thus

/Ozﬂsgn(Vl,s(t))COS((S—2)f)dt = % (COt <7r§s+—12)> —oot <7T§S—_12)>> 70

which leads to the contrary. Now consider s = 2/ for some integer [ > 2. Then by (31)
below

[ sentineos((s - 2mar = 2 (s (322 —an (523 ) ) 20,

a contradiction. [

Theorem 17 Letn > 1 and |l > 2 be integers. Then
4 I—m 2m+1)x (2m+1)x
H, =—Y ——— (cot[ ZF—L" ) —cot | —
1Ftn oyl mz’ol(2m+1) (CO ( 20+1) )~ <° 2
and

1Elpainl = ilZ(z _2m+ ( (Zn;zil >C°t(m)>

m=0

+2 Ii‘i 71_ tan mu —tan _mr_ +71
(21—1) 211 2141 412 —1°
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PROOF. Using Theorem 7 we get ||Hy || = ||Hi 5||- By Definition 6

! ik 7'k
HHI-,SHZQ/ Vis()ldr = o / sgn(Vis(1) (14—Zs_1 et 4 ”))dt.

For k € Z, denote
om )
ap == / sen(V5(1))e™ dr.
JO

Now, fix k such that |k| € {1,...s—1}. Then by Lemma 11

b _ b A
ak:/ sgn(Vlﬁs(t))e’k’dt—i—/ sgn(VLs(Zn—t))e’k(m*’)dt
Jo

[%} 27ra
_/ sgn(Vi (1) (™ e * ) dr =2 sxta_1) €08 (kt)dt
a=1 1
[3]-1 27g T
-2 /2 cos(kt)dt —2 23] cos(kt) dt
a=1 75 -
8 rome 4l o
=—VYsin| —a)|—-- Z sin al.
G ) T A G

By the above computation it is easy to see that a_; = ay, forall k € {1,...,s—1}.
Hence

1 s—1
sl==(a0+2Y ). 27
2 k;

Now assume that s = 2/ + 1 for some / € N,. In this case & is a double zero of the
function sgn(V) 5), so by Lemma 11 (2) ag =0.If k=2m for some m € {1,...,[—1},
then by the above and the following trigonometric identity

3!) . (28)

we obtain

sin(7tm) sin(%) sin(7tm Sm(nm(z 1 )

sin (ﬁ) sin (Tm) 0

2
ay — —
m

moreover for k = 2/ we have

4 ! 27l 2sin(7l) sin (l”—lzl)
a, = % Z sin ( a> =

[sin (l”—ll)
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Analogously for k =2m—+1 (m € {0,...,]—1}) we can compute

k k k
sm(%)sm(ﬂz 2(f+1)> sm(”k)sm(’;k )

s1n(2(fjf1)) sin (gc) (29)

( t( +k ) t( k))
¢ 20+ 1) co o .
Hence by (27)

panel =2 Tty (o (i)~ (*5)).

m

which completes the proof of the first part of our theorem.
Now we are taking s = 2/ for some integer [ > 2. Then

! =1
27a 27a 2
—4 4 o= 30
@0 u;(sﬂ) a;(sfl) AT 30)
and for k =2m, where m€ {1,...,1—1}
ak:i sin(7m + 57 ) sin(7wm — 577
k s1n(2271"+"1)
51n(7tm+2[ ) sin(mwm — 577) 31
sin(257)
_2 dan | ) “tan (2
ok 201 20+1) )"
Moreover for k =2m+ 1, where m € {0,...,l — 1}
. (7emt1) | w@miD) . (7@m+l)  a2mt1)
4 Sm( T+ 2(271”+1> )Sm( T - 2(2’7+1))
ay = —
k : (@2m+1)
s (2 2(2r1n+1) )
. w(2m+1) | ©(2m+1)\ _. w(2m+1)  w(2m+1)
_Sm( T+ 30T ) sm( T~ 2(27—1)) (32)
. w(2m+1)
sin (272(21 1))

2 n(2m+1) n(2m+1)
—\ 2 2020-1)
Hence by (27)

S )
||H1,21||72rl_i(2 2m+1< <2n;l++1 >C0t<(22(’721;i11);r>)

m=0
+ 2 li tmm tan —tan T + L
T =t (2 =1)m 20— 1 2+1 TR
as required. [
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Theorem 18 For all n € N we have
1
Il =140 (1), &3

PROOF. Observe first that the upper estimation is a straightforward consequence of
the Cauchy-Schwarz inequality. Indeed

1 [+ |s1nxs1n(s+’x)| 1+ |sinx sin(£Ex)
| Hynon|| = —/ Ty = 7/ s
T J—oo X TJ) - X X

1 Feo sm2x V2 [ e sin? (L) 1/2
- x oo x

o 1 1/2 ) s+r )

B Vs—r s—r— s—r

The main difficulty in Theorem 18 is in the lower estimation.
By Theorem 7, (18) and (19) we get

1 2n
Hysnll = |H1s]| =
[Hnonll = [[Hi s 2n(s—1) /O

Let Q be a subset of [0,27] and Q := [0,27] \ Q. Then

—1)di+ / (1- Zfz(é)))dt)

2

(| Hp || > 27r(1 1) </§ (21111112(

St

2
1
2
(

- 1 21 /in?(%) sinz(%)
_ 27r(s—1)</o (szw _ 1)dt+2 A (1— Sinz(é))dt>
R R S _sin(3)
= 26 =T) <27‘L’s 2w +2 Q smz(%) )dt)
B 1 sin®(¥)
*”n(s—])/g(l smz(;))dt' (34)
Observe that
K(t)=1— sin(¥) _ cos(st) —cos(t). (35)

sinz(%) 1 —cos(z)
Let Q = Uy [2Zk — €, 2k + €] where the summation is over all integers k such that

22k is in the interval [Z,3Z] and c is a fixed number 0 < ¢ < Z - 717~ Note that on Q

1t holds K(r) > 0 and as a result K(r) > 1 (cos(st) — cos(t)). As a result, using (34),
we have

([ snl| > 1

! sin’ (%) 1
+ﬂ(s—l)/g (1- mnz(g))”’tz 1+m/gcos(sﬂ—cos(wdt
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Since 2 C [Z — <, 3% + <] then [, (—cos(t))dt > 0. Moreover

Wy e 7si
/ ~cos(st)dr = sm(c). (36)
Sk s
Therefore
1 1 2sin(c) s—1
H, >1+— t)dt > 1 . .
Hnsnll 214 52577 /QCOS(S) =D s 2
0.11
> 14—, (37)
s

We can asymptotically improve on the above estimate as follows

271:

/Q( cos(t))dt = Z - " —cos(t)dt = Zsm Tk—E)—sn(—lH- )

- ZSin(E)(Z—cos(zTﬂk)) (38)

Note that ¥ (— cos(2 )) <% is a Riemann sum of f )2 ( cos(t)dt) = 2. Therefore
Zk(—cos(%”k)) 2. 5> = 7. Hence

/Q(—cos( ))dt = 2—7: (39)

Combining this and (36) we get

. 2c
/Q(cos(st) —cos(t))dt ~ sin(c) + P

Remark 19 Letting s — oo and setting ¢ = 5 we obtain

0.192
1+~ < [Hnll < 14—,

for s sufficiently large.
By the above theorem and Corollary 8 we immediately get the following result.

Corollary 20 Letn € N. Then

+oo | sinxsin(1+ 1)x 1
/ Isinzsin(l+ )| ”)|dx:7r+®<£>

—oo X
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3 Rademacher projections

We contrast the results obtained for the trigonometric system to the results obtained
for the Rademacher system. The well-known Rademacher functions, rg,7y,..., de-
fined by r;(r) = ( — 1) for 0 < < 1 plays a central role in many areas of analysis
([x] denotes the integer part of x). For further investigations we will need a notion of
dyadic group. We shall denote the set of dyadic rationals in the unit interval [0, 1)
by Q. In particular, each element of Q has a form p/2" for some p,n € N,0 < p < 2".
Any x € [0, 1] may be written in the form

27D (40)

X =
k=0

where each x; = 0 or 1. For each x € [0,1] \ Q there is only one expression of this
form. We shall call it the dyadic expansion of x. When x € Q\ {0} there are two
expression of this form, one which terminates in 0’s and one which terminates in 1’s.
By the dyadic expansion of x € Q we shall mean the one which terminates in 0’s.
Notice that 1 ¢ Q so the dyadic expansion of x = 1 terminates in 1’s.

Now we can define the dyadic addition of two numbers x,y by

oo

x@y= Y |x—y27 ¢ (41)
k=0

Observe that x ®x = 0 therefore x @y =x O y.

Theorem 21 (see e.g. [17]) The following holds true

m(x®y) =ra(xX)ra(y)  forxdy ¢ Q (42)

For many other interesting facts concerning Rademacher functions the reader is re-
ferred to [17]. Let A be a nonempty finite subset of N. Denote

Rady = span{ry. : k € A}. 43)
The Rademacher projection is defined by

Ra=Y ri®r;:L1[0,1] — Rady. (44)
icA

We can write the above projection as
1
r =, ([ rorerar) . @s)
icA

or using Dirichlet kernel D), = Y ;4 ; and orthogonality of Rademacher functions as

®af)6)= [ 10D s)ar (46)

Lemma 22 Let A C B be nonempty finite subsets of N. The norm of Rademacher
projection Ry restricted to the subspace Radp is equal 1.
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PROOF. Let Y := span{r; : k € B\ A} C L;[0,1]. Since for every function f :=
Ycpair; € Radp we have Ry f =Y c4ary, it is sufficient to show that O is a best

approximation to R4 f in Y. According to Theorem 5 it suffices to prove that for every
k € B\ A we have jol sgn(Raf(s))rx(s)ds =0.Fix k € B\ A. Denote

. j_l J . k
[]‘7]{ = |:2k’2k) for ]E{],,Z }
Observe that, if [ < k then
rl|12m—1,kU[2m,k = const for m € {1,...,2’“1}.

Moreover for [ > k we have

r,(t+%) — ().

Hence if t € I,  for some m € {1,...,211 then

1 1
RAf(th?) :%am (lJr?) :lgam(l) =Raf(t),

which implies

2k
[ sen(Rap@riods =Y [ sen(Raf(0)(-1) ds =0
0 j=171jk

as required. [

Theorem 23 Let A C B be nonempty finite subsets of N. Then the Rademacher pro-
Jjection Ry is a minimal generalized projection in Praq, (L1(0,1],Radp).

PROOF. Fixed Q € P4, (L1[0,1],Radp). Then Q:=RyoQisa projection from
L[0,1] onto Rady and by Lemma 22 ||Q|| < ||Q||, which implies

l(RadA,Ll [0, 1]) S lRadB (RadA,Ll [0, 1])

Consequently, the Rademacher projection R4, which is minimal in &?(L; [0, 1],Rady ),
is also minimal generalized projection in Pgyq, (L1(0,1],Radp). O

By the symmetry of Rademacher spaces and the well-known estimation of the clas-
sical Rademacher projection norm based on Khinchin’s inequality (see [6]) we have
the following result

Theorem 24 (see e.g. [17]) Let A be a nonempty finite subset of N. Then

IRAll = [|Rul| = ©(V/n), (47)

where n denotes the cardinality of A.
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